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Mathematics is an increasingly important aspect of education because of its 
central role in technology (Kuenzi, 2008). Mathematical achievement tests are 
universally applied throughout schooling in the US to assess yearly progress. The middle 
school years (e.g., Grade 6-Grade8) are especially crucial to success in mathematics 
because students must acquire the skills needed in Algebra and higher levels of 
mathematics (National Mathematics Advisory Panel, 2008). The middle school years are 
also important developmentally because complex reasoning also emerges (e.g., Piaget, 
Vygotsky) and possibly at different rates for different students. According to many 
perspectives, the best design for studying changes in achievement and thinking in the 
middle school years is a longitudinal study of representative samples of children. 
 For the current study, item responses to mathematical achievement tests 
administered during the middle school years were available for a randomly selected 
sample of 2,667 students in a Midwestern state. Until recently, however, inferences from 
such data were limited by the psychometric methods that were available to scale the data 
and provide meaningful comparisons. For the current study, some very recent advances in 
item response theory (IRT) were applied to provide inferences about growth. These 
methods consisted of confirmatory multidimensional and longitudinal models that 
previously were impractical to apply to large numbers of items and examinees.   
 Growth in mathematical achievement was studied in the four major areas covered 
by the test (Number, Algebra, Geometry and Data) and in some specific areas that were 




studied in two areas of individual differences, gender and socio-economic background, 
that have often been found important in careers that involve mathematics (Kuenzi, 2008). 
The analyses were conducted in the context of a series of hypotheses about growth and 
the substantive nature of differences across middle school.   
In Study 1, the substantive nature of change over middle school was examined by 
comparing the strength of the specific content areas across grades. Confirmatory 
multidimensional IRT models were applied to test hypotheses about concept structures in 
mathematics. In Study 2, growth was examined by fitting longitudinal IRT models to 
items from the various content areas. It was found that the relative strength of the content 
areas shifted somewhat across grades in defining mathematical achievement. The largest 
growth occurred from Grade 6 to Grade 7. The specific pattern of growth varied 
substantially by the socio-economic status of the student but few differences emerged by 
gender. The implications of the results for education and for developmental theories of 









1.1 Mathematical Achievement and Middle School Students   
Mathematics is an increasingly important aspect of education because of its 
central role in technology (Kuenzi, 2008).  A mathematical achievement test was 
compared with eighth-grade students across a sample of twenty countries including 
England, Germany, Canada, Japan, Korea, and the United States. Tatsuoka, Corter, and 
Tatsuoka (2004) analyzed achievement test data from the Trend in International 
Mathematics and Science Study-Revised (TIMSS-R) 1999 in order to compare students‘ 
knowledge of mathematics and science in those countries. By observing the skill 
structure of the items on the TIMSS-R, Tatsuoka et al. found clear differences among the 
countries in the pattern of sub-skill achievement. U.S. students were strong in some 
content and quantitative reading skills, but weak in many other areas such as algebra, 
statistics, and, especially, geometry. Therefore, the mathematical achievement of children 
has been one of the important issues in the U.S. schools in order to maintain global 
leadership in the future.  
Learning mathematics at the elementary and middle school levels forms the basis 
for achievement in high school and college mathematics, and for the broad range of 
mathematical skills used in the workplace. Mathematical achievement tests are 
universally applied throughout schooling in the U.S. to assess yearly progress. The 
middle school years (e.g., Grade 6-Grade 8) are especially crucial to success in 




of mathematics (National Mathematics Advisory Panel, 2008). The middle school years 
are also important developmentally because complex reasoning also emerges (e.g., Piaget, 
Vygotsky) and possibly at different rates for different students. As proposed by Jean 
Piaget proposed, cognitive development proceeds through four stages: Sensorimotor 
stage (birth until age 2), Preoperational stage (age 2 until age 6 or 7), Concrete 
operational stage (age 6 or 7 until age 11 or 12), and formal operational stage (age 11 or 
12 through adulthood) (Piaget & Inhelder, 1969). Piaget insisted that children cannot 
learn from an experience until they have begun the transition into a stage that allows 
them to deal with and conceptualize that experience appropriately. Vygotsky‘s concept 
was that children can be improved when they have the assistance of the more advanced 
and competent people than themselves.  
Gender and socio-economic background have often been found important in 
careers that involve mathematics (Kuenzi, 2008). First, much research has been done on 
the gender issue and showed that males outperformed females in mathematical 
achievement in the past (Hopkins, 2004). However, a majority of the current studies 
conclude that the gender gap in mathematics has been decreasing in recent decades and is 
now quite small (Fennema, 1996; Gray, 1996; Hanna, 2003; Leahy & Guo, 2001; 
Wellesley College, 1992). National Mathematics Advisory Panel (NMAP; 2008) reported 
that the average mathematical achievement of boys and girls showed very similar levels 
(in favor of boys) in large nationally representative samples. Second, it is also a well 
known issue that low SES is linked to poor mathematical performance (NMAP, 2008). 
Based on the NAEP (National Assessment of Educational Progress) data in 2001 and 




regardless of race (Hopkins, 2004).  SES may have many aspects of definition. NMAP 
(2008) included parental education, poverty level, parental income, or a composite index 
to define SES. Therefore, SES differences may be used as a supporting evidence of the 
Vygotsky‘s theory that children can improve their school achievement when mentoring is 
available.  
 
1.2 Objectives of the Present Study 
The purpose of the current study was to measure and interpret the mathematical 
achievement growth during the middle school years using a longitudinal data of the 
mathematical achievement tests administered from 6
th
 grade to 8
th
 grade. Until recently, 
however, inferences from such data were limited by the psychometric methods that were 
available to scale the data and provide meaningful comparisons. For the current study, 
some very recent advances in item response theory (IRT) were applied to provide 
inferences about growth. These methods consisted of confirmatory multidimensional and 
longitudinal models that previously were impractical to apply to large numbers of items 
and examinees.   
Study 1 was conducted as a preliminary study to examine the general properties 
of the mathematical achievement test before measuring students‘ achievement change in 
Study 2. Item difficulties of the mathematical standards and their benchmarks were 
carefully examined. Also, confirmatory multidimensional IRT models were applied to 
test hypotheses about concept structures in mathematics. 
In Study 2, growth in the mathematical achievement over the middle school years 




achievement change was measured and analyzed to see if and where a significant 
incremental difference exists in mathematical achievement in the middle school years 
(e.g., between 6
th




). It was also examined if 
gender and socioeconomic status (SES) affected the mathematical achievement within 























THEORETICAL BACKGROUNDS FOR ITEM DIFFICULTY AND 




2.1 Understanding Mathematical Item Difficulty 
Understanding item difficulty is one of the primary issues in the mathematical 
achievement tests; identifying the difficulty of the mathematical achievement tests is 
fundamental and important for measuring the mathematical achievement change. 
Recognizing the sources of item difficulty and cognitive complexity is useful for better 
understanding the cognitive requirements in the test as well as for predicting item 
difficulties using psychometric models. Results from psychometric modeling of item 
difficulty can provide evidence of construct representation (Embretson, 1983) for the test, 
can guide test development by defining cognitive variables for item design, and can 
provide a basis for item banking and automatic item generation (Embretson, 1999).  
           Factors that motivate the difficulty of mathematics test items have been studied by 
several researchers. Cognitive complexity and depth of knowledge are considered 
important aspects of understanding mathematical item difficulty (Embretson & Daniel, 
2008).  Generally, item difficulty is affected by the cognitive complexity- the cognitive 
demand to solve an item. Webb (1999) proposed a framework called ―Depth of 
Knowledge‖ to classify items by their levels of cognitive complexity. This framework is 
widely used for selecting school achievement test items for many state year-end tests and 





Level 1:  Recall 
Level 1 is the recall of information such as a fact, definition, term, or a simple 
procedure. A sample item at this level is ―Determine the perimeter or area of rectangles 
given a drawing or labels.‖  
Level 2: Skill/Concept 
Level 2 involves the engagement of some mental processing beyond recalling or 
reproducing a response. The content knowledge or process involved is more complex 
than in level 1. For instance, ―Compare rectangle and square.‖  To compare two objects 
requires identifying characteristics of the objects and then grouping or ordering the 
objects by those characteristics.  
Level 3: Strategic Thinking  
Level 3 includes reasoning, planning, using evidence, and a higher level of 
thinking than the previous two levels. The cognitive demands at Level 3 are complex and 
abstract. The complexity does not result only from the fact that there could be multiple 
answers, a possibility for both levels 1 and 2, but also from the multi-step task which 
requires more demanding reasoning than level 1 and 2. It generally takes less than 10 
minutes to do. An example for level 3 is solving a multiple-step problem and providing 
support, with a mathematical explanation that justifies the answer.  
Level 4: Extended Thinking 
The tasks of level 4 require high cognitive demands and are very complex (e.g., 
investigation and time to think and process multiple conditions of the problem or task.) 
Students are required to make several connections to relate ideas within the content area 




alternative approaches, for how the situation could be solved. It takes more than 10 









           Cognitive classification of items based on the depth of knowledge levels has 
become a main feature of standards-based assessment of mathematical achievement. 
However, because it has not yet been empirically proven that items with greater 




valid item classifications is still challenging (Embretson & Daniel, 2008). Embretson 
(2006) developed several variables to represent cognitive complexity in mathematical 
problem solving as following five processing stages based on Mayer, Larkin, and 
Kadane‘s (1984) theory: (1) problem translation, (2) problem integration, (3) solution 
planning, (4) solution execution, and (5) decision. Figure 2.1 presents a flow diagram of 
the five processing stages of mathematical problem solving.  
In the first step, ―problem translation stage,‖ a single variable, encoding, was 
scored as the sum of the number of words, terms and operations in the stem. In the 
second step, ―problem integration stage,‖ several variables were scored to represent the 
processing difficulty for items in which the equation was not directly given. These 
variables include (a) translating equations from words, (b) the number of knowledge 
principles or equations to be recalled, (c) the maximum grade level of knowledge 
principles to be recalled, (d) generating unique equations or representations for the 
problem, and (e) visualization of relationships (when a diagram is not provided, thus 
requiring visualization). If the requisite equation is given directly in a question, then the 
Problem Integration stage, which generates the equation, is not necessary. In the third 
step, ―solution planning stage,‖ two variables, the number of subgoals required to get the 
final solution and the relative definition of unknowns determine item difficulty. The 
number of subgoals depends on how many additional variables must be evaluated prior to 
solving the main task. Relative definition is scored when the equations define the 
variables only relatively compared to other values in the question. In the fourth step, 
―solution execution stage,‖ item difficulty can be predicted by the level of procedural 




all subgoals. In the last step, ―decision stage,‖ extra confirmation processing can predict 
item difficulty when relationships between a solution and the provided answers require 
extensive consideration. 
In conclusion, the cognitive model of mathematical problem solving described 
above has been empirically supported by many studies (e.g., Embretson, 2003; 
Embretson & Daniel, 2008; Mayer et al., 1984). It appears sufficiently applicable to a 
broad bank of mathematical problems. Therefore, the frameworks of ―depth of 
knowledge‖ and ―cognitive model of mathematical problem solving‖ are very helpful for 
understanding the item difficulty of mathematical achievement tests. 
 
2.2 Cognition Development for Mathematical Achievement 
Because item difficulty primarily depends on the cognitive complexity, 
development perspectives on children‘s cognitive will be reviewed. It will be an 
important background to understand students‘ cognition development for mathematical 
achievement.  
2.2.1 Developmental Perspectives on Cognition 
Among the various theories about human learning (i.e., behaviorism, social 
cognitive theory, cognitivism, information processing, constructivism, contextualism, and 
humanism), development perspectives on children‘s cognition are important background 
to understand cognition development and children‘s mathematical achievement. A 
cognitive development theorist and pioneer in individual constructivism, Jean Piaget, 
proposed that cognitive development proceeds through four stages which are 




concrete operational stage (age 6 or 7 until age 11 or 12), and formal operational stage 
(age 11 or 12 through adulthood). He insisted that through interacting with and reflecting 
on their physical and social words, children self-construct increasingly complex 
understandings and reasoning abilities with age (Piaget & Inhelder, 1969). At about same 
time, Russian psychologist Lev Vygotsky, a developer of socio-cultural theory, suggested 
that society and culture give a wide variety of concepts, strategies, and other cognitive 
―tools‖ which children gradually begin to use in thinking about and dealing with 
everyday tasks and problems. Vygotsky placed much of the foundation for a contextual 
view that has come to be known as the socio-cultural viewpoint. Piaget‘s and Vygotsky‘s 
view of cognitive development share several common themes, yet they also have 
important theoretical differences. 
The common themes between Piaget and Vygotsky include qualitative changes in 
the nature of thought, challenge, readiness, and the importance of social interaction. First, 
in the view of qualitative changes in the nature of thought, Piaget and Vygotsky pointed 
out that children gain more complex reasoning processes over time, in other words, 
children think differently at different ages. Second, in the view of challenge, Piaget 
thought that children develop more sophisticated knowledge and thought process only 
when they meet phenomena they cannot adequately understand using their existing 
schemes, while Vygotsky‘s concept was that children can be improved when they have 
the assistance of the more advanced and competent people than themselves. Third, Piaget 
and Voygotsky thought that any child would be cognitively ready for some experiences 
but not ready for others. Piaget insisted that children cannot learn from an experience 




conceptualize that experience appropriately. Also, Vygotsky proposed that there are 
limits on the tasks that children can reasonably hold at any particular time. Fourth, for the 
importance of social interaction, Piaget explained that the people in a child‘s life can 
present information and arguments that make disequilibrium and foster greater 
perspective taking. Also, Vygotsky proposed that social interactions give the very 
groundwork for thought processes. According to Vygotsky, children internalize the 
processes they use when they talk with other persons until they can use them ultimately 
independently (Ormrod, 2008).      
The key theoretical differences between Piaget and Vygotsky‘s theories of 
cognitive development are as follows: First, to what extent is language essential for 
learning and cognitive development?  Piaget viewed that much of cognitive development 
happens independently of language, while Vygotsky claimed that language is very critical 
for learning and cognitive development. Children‘s thought processes are internalized 
versions of social interactions that are mainly verbal in nature. According to Ormrod 
(2008), Piaget underestimated the importance of language, while Vygotsky overstated the 
case for language. Second, what kinds of experiences promote learning and 
development?  Piaget thought that self-exploration promotes learning and development, 
while Vygotsky thought that guided exploration and instruction support learning and 
development. Third, what kinds of social interactions are most valuable?  Piaget 
emphasized the benefits of interactions with peers, but Vygotsky placed greater 
importance on interactions with adults and other more advanced individuals. Last, how 
influential is culture? In Piaget view, the nature of children‘s logical thinking skills and 




context in which children are raised. However, in Vygotsky‘s view, culture is of 
paramount importance in determining the specific thinking skills that children acquire 
(Ormrod, 2008).      
In conclusion, Piaget‘s and Vygotsky‘s theories are based for development 
perspectives on cognition and these theories have some ideas in common that continue to 
appear in more contemporary views of cognitive development. Yet they have important 
differences that have led modern researchers to search more deeply into the mechanisms 
through which children‘s cognitive processes develop. 
 
2.2.2 Cognitive Development and Children’s Mathematical Achievement 
Next question would be how the cognitive development is related with children‘s 





 graders are in formal operations stage (age 11 or 12 through 
adulthood) because 7
th
 grade age is normally 12 through 13 years old and 8
th
 grade age is 
normally 13 through 14 years old. When they enter formal operations stage, they are able 
to think and reason about things that have little or no basis in physical reality such as 
abstract concepts, hypothetical ideas, and contrary-to-fact statements. In the mathematical 
and scientific reasoning abilities, proportional thinking is developed and children begin to 
understand proportions in the form of fractions, decimals, ratios, and so on (Ormrod, 
2008). 
However, it may be assumed that 6
th
 grade students are in either concrete 
operational (age 6 or 7 until age 11 or 12) stage or formal operational stage (age 11 or 12 
through adulthood) because normally 6
th




children enter the concrete operations stage, they can have a form of logical operations. 
However, they typically do not achieve conservation of weight until relatively late in 
concrete operations stage. Even though children of concrete operations stage have 
advancements in reasoning, they have limitation for applying their logical operations. 
They only apply to concrete observable objects and events and have difficulty dealing 




Table 2.1 Piaget’s Stages of Cognitive Development (Ormrod, 2008) 
 




about 2 years 
old 
Schemes primarily entail perceptions and 
behaviors. Children‘s understandings of the 
world are based largely on their physical 
interactions with it 
2 Preoperational 
Stage 
2 until about 
6 or 7 years 
old 
Many schemes now have a symbolic quality, in 
that children can think and talk about things 
beyond their immediate experience. Children 
begin to reason about events, although not 




6 or 7 until 
about 11 or 
12 years old 
Children acquire cognitive structures that enable 
them to reason in logical, adultlike ways about 
concrete, reality-based situations. They also 
realize that their own perspectives are not 
necessarily shared by others. 
4 Formal 
Operations Stage 
11 or 12 
through 
adulthood 
Children can now think logically about abstract, 
hypothetical, and contrary-to-fact situations. 
They acquire many capabilities essential for 




In Vygotsky‘s theory, children can accomplish more difficult tasks when they 
have the assistance of people more advanced and competent than themselves. In other 




they can do on their own. For example, children can solve more difficult mathematical 
problems when their teacher helps them identify critical problem (Ormrod, 2008).  
Siegler and Ramani (2008) suggested that numerical board games would be especially 
helpful for improving young children's mathematical understanding. Playing these board 
games yields large, rapid, and enduring gains in preschoolers' and young elementary 
school children's numerical understanding. They insisted that the gains are especially 
large with preschoolers from low-income backgrounds and this can make to reduce the 
gap in numerical knowledge that separates less and more affluent children when they 
begin school. 
Unlike Piaget, Neo-Piagetian theorists have combined some of Piaget‘s ideas with 
concepts from information processing theory to construct how children‘s learning and 
reasoning capabilities change over time (Case, 1985). According to Ormrod (2008), 
information processing theory is focused on how persons think about the information 
they receive from the environment, how they perceive the stimuli around them, how they 
put what they have perceived into their memories, and how they find what they have 
learned when they need to use it. In other words, information processing theory is similar 
to how computers process information. Robbie Case, one of Neo-Piagetian theorists, was 
a highly productive researcher and his central conceptual structure is well regarded. His 
theory integrated network of concepts and cognitive processes that form the basis for 
much of children‘s thinking, reasoning, and learning in particular areas. Over time, these 
structures undergo several major transformations, each of which marks a child‘s entry to 
the next higher stage of development. He considered the nature of children‘s central 




relationships, and social thought (Case & Okamoto, 1996). This structure shows an 
integrated understanding of how such mathematical concepts and operations as numbers, 
counting, addition, and subtraction are interconnected. Case explained that children‘s 
development of central conceptual structure for number is until 10 years old, but their 
understanding of numbers goes on to develop until adolescence. For example, if 
teenagers don‘t know what a half of a third is, it means that they have incomplete 
conceptual understanding of division and the results (e.g., fractions). 
To sum up, there are three kinds of perspectives about cognitive development and 
children‘s mathematical achievement. First, in the Piaget‘s perspective, it is assumed that 
there will be the different stages between 6
th









 graders can be in formal operational stage, 
while 6
th
 grade students may be in either concrete operational stage or formal operational 
stage. Second, in the aspect of social-cultural theory, children‘s mathematical 
achievement can be improved when they have the assistance of people more advanced 
and competent than themselves. Therefore, an improvement does not occur in specific 






 grade. Third, in 
the aspect of Neo-Piagetian theory, the central conceptual structure of numbers develop 
only until 10 years old, while the understanding of numbers goes on to develop until 













The psychometric models for analyzing test item difficulty and measuring the 
ability change in this study have been developed based on fundamental item response 
theory (IRT) models. Therefore, the fundamental IRT models will be reviewed in this 
chapter.  
 
3.1 Assumptions of IRT Models 
           Since most psychometric models have been developed based on fundamental item 
response theory (IRT) models, the overview of fundamental IRT models is needed. 
Currently, in psychometrics, test theories can be divided into two categories: classical test 
theory (CTT) and item response theory (IRT).  Item difficulty statistics, such as p-values 
in CTT or b-values in IRT, are modeled from item difficulty factors.  IRT is one of the 
best-known examples of a statistical modeling approach in psychometrics and 
educational measurement (Tatsuoka, Corter, & Tatsuoka, 2004).  IRT has the desirable 
features of an alternative test theory. If a given IRT model fits the test data of interest, 
ability estimates obtained from different sets of items will be comparable.  Also, IRT 
provides the possibility of discerning the strength and weakness of each item in a test 
while CTT analyzes a scale at the test level. IRT is able to distinguish good and bad items 
in terms of how accurately an item can measure an examinee‘s trait at the different trait 




common item parameters are item difficulty, item discrimination, and a pseudo-guessing 
parameter.  
             There are two basic assumptions of IRT models about the data to which the 
models are applied: appropriate dimensionality and local independence. The first 
assumption, appropriate dimensionality, means that the number of latent traits measured 
by the items corresponds to the number of trait parameters in the IRT model.  For 
example, if test items depend on two or more latent traits, then IRT models with a single 
person trait parameter will not be appropriate.  Factor analysis, among other methods, can 
be used to test the assumption.  Models which assume the measurement of more than one 
trait for examinees‘ test scores are referred to as multidimensional models (Hambleton, 
Swaminathan, & Rogers, 1991).  Several multidimensional IRT (MIRT) models allow for 
more than one trait (θ) to be estimated, even though the most widely applied IRT models 
assume a unidimensional construct for which one θ estimate is sufficient to explain item 
responses (Reckase, 1997).  The unidimensionality assumption is closely related to the 
second assumption, local independence. The local independence assumption means that 
when the abilities to influence test scores are controlled, examinees‘ responses to any of 
the items are statistically independent.  Instead of local independence, conditional 
independence can be considered.  That is, within a given trait level, the probability of 
getting one item correct is independent of the probability of getting other items correct. 
 
3.2 Fundamentals of IRT Models 
           IRT models can be classified into two basic categories depending on how the 




IRT models are used for analyzing items with dichotomously scored responses (e.g., 
yes/no or, right/wrong); polytomous models can treat multiple category formats, such as 
rating scales.  IRT models also can be classified into two categories depending on the 
number of latent trait levels (parameters) to be measured in the models: unidimensional 
and multidimensional models. A unidimensional IRT model is appropriate for data in 
which a single common factor underlies item response. Thus, a single latent trait is 
considered to be sufficient to characterize person differences in unidimensional IRT 
models, while two or more trait levels represent person differences in unidimensional 
IRT models. 
IRT models were originally developed to handle binary response data with a 
unidimensional construct. Such binary and unidimensional IRT models have been 
foundations of the development of polytomous and multidimensional IRT models.  The 
original IRT models include traditional logistic models and traditional normal ogive 
models. There are three traditional logistic models which are widely applied: the one-
parameter logistic (1PL) model or Rasch model, the two-parameter logistic (2PL) model 
and the three parameter logistic (3PL) model. Traditional normal ogive models are two-
parameter normal ogive model and three-parameter normal ogive model.  
           The Rasch model is based on the logistic distribution, which gives the probability 
of a response in a simple expression. The model predicts the probability of success for 
person s on item i 1( isXP ). The assumption of unidimensionality is at the heart of the 
Rasch model. Thus, in Rasch model, trait level indicates the difficulty level at which the 
individual is as likely to pass as to fail an item (Embretson & Reise, 2000).  The Rasch 











,                                     (3.1) 
where  
           )1( isXP  = the probability that person s passes item i,  
           isX = response of person s to item i (0, 1),  
           s = trait level for person s,  
           i = difficulty of item i, and 
           ( is  ) = logit; the simple difference of trait level and item difficulty. 
Equation 3.1 is the typical form of the Rasch model and the 1PL model may be written 
with a constant item discrimination value, , as follows: 







,                            (3.2) 
where isX , s , and  i  are same as in 1PL model and  α = a constant for item 
discrimination. In Equation 3.2, the constant value for item discrimination is freely 
estimated (Embretson & Reise, 2000). The 1PL model is identical to the Rasch model if 
the value of the constant item discrimination is fixed to 1. That is the difference between 
the Rasch model and the 1PL model. 
The 2PL model adds item discrimination parameter to the Rasch model as follows: 







,                          (3.3)                         
where isX , s , and  i  are same as in 1PL model and i = discrimination for item i.   














 ,              (3.4) 
where isX , s , i , and i  are defined as above and i = lower-asymptote (guessing) for 
item i. For example, when an item can be solved by guessing, as in multiple-choice items, 
the probability of success is substantially greater than zero, even for low trait levels. 
           There are three normal ogive models: one-, two-, and three-parameter models. As 
for logistic models, normal ogive models are named for the number of item parameters 
that they have. Normal ogive models contain the same parameters as their corresponding 
logistic models; however, the item characteristic curve is produced by a different function. 
The function is more difficult than the logistic model because the probability of success is 
given by the cumulative proportion of cases in the normal distribution. The one-
parameter normal ogive model can be expressed as:  
                                      P( 1isX ) = 
 











dt = integral notation for the area in the distribution from   to isZ ,  
   = the constant 3.14. 
The one-parameter normal ogive model does not have the same theoretical appeal or 
practical application as both the two-parameter normal ogive model and the three-
parameter normal ogive model which often have been applied. 
              The two-parameter normal ogive model contains the same parameter structure as 




                                                   isisZ  1 .                                                         (3.6) 
The probability of getting an item (i) correct is a function of ability ( ), the item 
difficulty parameter (bi), and item discrimination parameter ( i ). The mathematical 
function of the two-parameter normal ogive model is: 














.               (3.7)               
           A lower asymptote may be added to the two-parameter normal ogive model to 
contain item response data with guessing. The mathematical expression for the three-
parameter normal ogive model is: 
















.     (3.8)                
The polytomous IRT models were introduced later as generalized forms of the 
binary IRT models. Since Samejima introduced the first polytomous IRT model, graded 
response model (GRM), in 1969, several polytomous IRT models have been developed. 
The polytomous IRT models can be divided into two types: the indirect (or difference) 
models and the direct (or divided-by-total) models. The indirect (difference) models 
include the GRM and the modified graded response model (M-GRM; Muraki, 1990).  
The direct (divided-by-total) models are the partial credit model (PCM; Masters, 1982), 
the generalized partial credit model (G-PCM; Muraki, 1992), the rating scale model 
(RSM; Andrich, 1978), and the nominal response model (NRM; Bock, 1972). Of these 
models, the PCM has been widely used and applied to several extensions (e.g., G-PCM, 
LPCM). The PCM was developed for analyzing test items that need multiple steps and 
for which it was important to assign partial credit for completing several steps in the 




tests (e.g., mathematical problems) where partially-correct answers are possible 
(Embretson & Reise, 2000).  The PCM can be considered as an extension of the 1PL 
model since it has all the standard Rasch model features. For x=j the category response 
curves for the PCM can be written as:  

















)1( ,                          (3.9) 
where  
           i = 1,…, I items,  
           h = 0, …, iH  response categories of item i,  
           )1( ihsXP = the probability that person s chooses category h on item i  
           s = the position of person s on the underlying latent trait, and  
           ih = the easiness parameter of category h of item i 










are set to zero for model identification and normalization. 
In this study, IRTPRO (item response theory for patient-reported outcomes; Thissen, 
2010) was used. IRTPRO is one of the most recent applications for item calibration and 
test scoring using IRT. This program is designed for the efficient analysis of binary items, 
including multiple choice or short-answer items scored right, wrong, omitted, or not-
presented. Also, it is capable of large-scale production applications with ultimately 
numbers of items or respondents. In this program, following IRT models are available to 
apply (Thissen, 2010): 
(1) Two parameter logistic (2PL) model (Birnbaum, 1968) [with which equality 




(2) Three parameter logistic (3PL) model (Birnbaum, 1968) 
(3) Graded response model (GRM) (Samejima, 1969; 1997) 
(4) Generalized partial credit model (G-PCM) (Muraki, 1992, 1997)  





























         There are two categories of psychometric models which are possibly relevant to 
understanding the levels and sources of mathematical item difficulty and measuring 
ability change. These models are divided into two categories in this review: (1) structured 
models for item parameters and (2) longitudinal models.  
 
4.1 Structured Models for Item Parameters 
           Structured models for item parameters are extensions or generalizations of 
unidimensional IRT models (Rasch, 2PL, and 3PL IRT models). Fischer (1973) proposed 
the linear logistic latent trait model (LLTM) to incorporate item content into the 
prediction of item success. The LLTM is an extension to the unidimensional Rasch 
(1960) model. Enbretson (1999) proposed the 2PL-Constrained model which contains 
parameters to represent the impact of stimulus features on item discrimination as well as 
on item difficulty. Glas and van der Linden (2003) proposed a hierarchical IRT model for 
item structure. That model is a two-level IRT model to incorporate the validity of within-
structure item parameters by assuming that the within-structure items are randomly 
sampled from the structure. Fischer and Ponocny (1994) developed the linear partial 
credit model (LPCM) to assess the effects of treatments based on polytomous ordered- 





4.1.1 Linear Logistic Latent Trait Model (LLTM)  
           Based on the Rasch model, the linear logistic latent trait model (LLTM; Fischer, 
1973) was made to integrate item content into the prediction of item success.           
Because the LLTM is a generalization of the Rasch model, the 1PL model is important to 
understand the LLTM. The LLTM is a unidimensional model in which components are 
identified from item scores on complexity factors that are postulated to determine item 
difficulty. The LLTM combines a mathematical model for task components with a latent 
trait model and can incorporate item difficulty into the prediction of item success. The 
LLTM can be explained by considering three equations.  
           First, LLTM is a generalization of the Rasch model (Equation 3.1). Equation 3.1 is 
the Rash latent trait model and it presents the latent trait model for individual differences. 
Second, Equation 4.1 is the mathematical model for the task processes. i is complexity 
factors and this linear model predicts item difficulty as follows: 
           ikkiii
K
k




,  (4.1) 
where  
           k = the effect of stimulus feature k,  
           ikq = the score (e.g., 0 = absence/ 1 = presence) of stimulus feature k of item i, and       
           00q = the intercept of the equation.  
In Equation 4.1, item difficulty is scaled as a location on the latent ability continuum or a 




           Third, Equation 4.2 is the LLTM by combining Equation 3.1 and Equation 4.1. If 
appropriate content factors can be specified for each item, then parameters to reflect the 
impact on item difficulty can be estimated directly, as follows:          




















)1( ,    (4.2) 
where 






           ikq = the linear components of item stimulus features  
           k = their fixed effects, and  
           s = the person predictor. 
If the number of complexity factors is the same as the number of items, and each item has 
only one complexity factor, then LLTM is equal to the Rasch latent trait model. The 
LLTM is a linearly-constrained model of item difficulty because item difficulty is 
modeled by a smaller number of factors. 
           For example, assume that five factors such as vocabulary level, syntactic 
complexity, and the density of three basic types of propositions influence the paragraph 
comprehension items. The LLTM can be applied to estimate the weights of each factor in 
item difficulty, if the contribution of each factor can be specified numerically for each 
item. Therefore, each underlying stimulus factor impacts on the difficulty of an item 
(Embretson & Reise, 2000). 
           In conclusion, the LLTM belongs to the Rasch family of IRT models, but item 
difficulty is replaced with a model of item difficulty. Parameters for item difficulty do not 




stimulus features that represent the cognitive complexity of the item. In the LLTM, equal 
item discrimination parameter (α) and no guessing parameter are assumed as in the Rasch 
model.  
 
4.1.2 2PL-Constrained Model 
            The 2PL-Constrained model (Embretson, 1999) includes parameters to represent 
the impact of stimulus features on item discrimination as well as on item difficulty. 
According to Embretson (1999), item difficulty and item discrimination were both 
predictable from item stimulus features. This model is a generalization of the 2PL model, 
while the LLTM is a generalization of the Rasch IRT model. The 2PL-Constrained model 
can be explained by considering three equations.  
           First, the 2PL model (Equation 3.3) is used. Second, Equation 4.3 is the 
mathematical model for both item discrimination ( i ) and item difficulty ( i ) 
parameters of the 2PL-model. 










.                 (4.3) 
           Third, Equation 4.4 is the 2PL-Constrained model by combining Equation 4.3 and 
Equation 3.3. Item discrimination ( i ) and item difficulty ( i ) parameters of the 2PL-
model (Equation 3.3) are replaced with the linear combinations of cognitive variables as 
follows: 
























XP ,                     (4.4) 
where  




           s = the ability of person s,  
           ikq = the score for stimulus feature k in item i,  
           k = the weight (or effects) of stimulus feature k in item discrimination, 
           k = item difficulty, and  
           00q and 00q = the intercepts of the equations. 
 Compared with the LLTM, the 2PL-Constrained model has the advantage of 
including design features for item discrimination. An item with higher discriminating 
power provides, both more information about latent trait ( ) and less measurement error 
because the changes in trait level have a greater impact on )1( isXP on that item. In the 
2PL-Constrained model, the item stimulus features affecting the discriminating power 
and the difficulty of the item can be identified. In brief, the 2PL-Constrained model has 
cognitive complexity models for both item difficulty and item discrimination. However, 
the 2PL-Constrained model does have some limitations. This model has no error term in 
the linear combination of cognitive variables (Equation 4.3), thus unable to include 
random effect on item discrimination and difficulty parameters.  
 
4.1.3 Hierarchical IRT Model 
             The hierarchical model (Glass & van der Linden, 2003) with the IRT has led to 
psychometric models for item response datasets that possess a hierarchical structure. The 
hierarchical IRT model is based on the 3PL model, except that the parameters represent a 
common value for a family of items rather than unique parameters for each item.           
The probability is given for person j passing item i from family p, and the item 


















 ,                      (4.5) 
where 
           ipa  = item slope or discrimination of item family p, 
           ipb  = the item difficulty of item family p, 
           ipc  = lower-asymptote of item family p, and  
           j  = ability for person j. 
Items within family p are understood to include the same underlying sources of item 
difficulty, but differing surface features. For example, in mathematical word problems, 
varying the exact numbers, objects and so forth, are construct-irrelevant surface features. 
Substituting surface features can create variability within a family. Thus, the hierarchical 
model includes estimates for error distributions. Briefly, this model does not apply to 
item families in which the variants are designed to vary in construct-relevant features that 
impact item difficulty.  
 
4.1.4 Linear Partial Credit Model (LPCM)  
After developing the LLTM, Fischer and Ponocny (1994) developed the linear 
partial credit model (LPCM) to assess the effects of treatments based on polytomous 
ordered-response items. The LPCM is designed for analyzing polytomous ordered 
responses which are commonly used for attitude or self-rating items, while the LLTM 
which is applicable only to binary response data (e.g., right or wrong). The LPCM can be 




           First, Equation 3.9 is the partial-credit model (PCM) and the LPCM is based on 
the PCM which assigns one independent parameter ih for each response category of an 
item. Second, ih is replaced with a linear function of cognitive variables, resulting in:  







,                            (4.6) 
where  
           k = the basic parameter which measures the effect of a certain cognitive variable   
                    involved or of an experimental treatment on the response,  
           ihkw = the value (or, dosage of treatment) of the k , and  
           00 ihw = a normalization constant of the equation.  
Notice that k and ihkw in the LPCM correspond to k and ikq in the LLTM (Equation 4.2), 
respectively. 
           Third, the combination of Equation 4.6 with Equation 3.9 is the LPCM. 
























)1( .                              (4.7) 
           Like the LLTM, the LPCM assumes equal α- parameter and no guessing 
parameter because the LPCM is the extension of the PCM that can be considered as an 
extension of the Rasch model. One of the nice features of the LPCM is its great flexibility 
to permit the ihkw  parameter for each response category, thus it results in a good fit for 
complex data.  However, the LPCM does have some limitations for application. This 
model does not fit the simplicity and sometimes it is very hard for interpretation because 




4.2 Longitudinal Models 
           Wilson (1985) suggested the SALTUS model for developmental or mastery data. 
Like other IRT models, SALTUS predicts gradual increases in item success with 
increasing trait level. A mixed population Rasch model (MIRA) was proposed by Rost 
(1990) and MIRA combines IRT with latent class analysis. The Multidimensional Rasch 
Model for Learning and Change (MRMLC) was proposed by Embretson (1991) 
Additionally, Embretson (1997) proposed structured latent trait models (SLTM).  
           However, the probabilities increase drastically for some types of items when a 
person reaches a certain stage. To predict item responses, these models include both trait 
and class parameters. Even though these models seize only one trait level for each 
individual, they are classified as multidimensional because of for following reasons. First, 
each individual‘s response probability is predicted with not only trait level and item 
parameters, but also class membership parameters. Second reason is that item difficulty 
orders are different from individuals like multidimensional models (Embretson & Reise, 
2000). 
 
4.2.1 SALTUS Model 
           Wilson (1985) proposed the SALTUS model (saltus means ―to leap‖ in Latin) for 
developmental or mastery data. In addition, he formulated developmental stage 
parameters in a Rasch model. Because reaching a certain stage implied a sudden 
transition in success on an entire class of items, a traditional IRT model frequently does 




mastered, they solve specific items quickly.  However, other items stay unaffected 
because they do not engage those rules (Embretson & Reises, 2000).  
           In the SALTUS, the probabilities for success on items gradually increase as the 
trait levels increase as in other IRT models. However, the probabilities increases 
significantly when an individual get to a certain stage for some types of items. To model 
the better achievement for items that are influenced by a particular stage, a parameter is 
added as follows: 











 ,                           (2.20) 
where 
           )()( iksh  = increased success for item type k in stage h. 
           The item characteristic curve (ICC) depends on the developmental stage is the 
main implication of this model. What make a distinction for the groups is a different 
pattern of item difficulties or endorsements. 
 
4.2.2 Mixed Population Rasch Model 
           A mixed population Rasch model (MIRA) was proposed by Rost (1990); MIRA 
joins IRT with latent class analysis. Latent class model means the model which gives a 
mastery pattern as the individual‘s skill profile, while latent trait model refers to the 
model which places individuals on a continuous scale for each skill including 
unidimensional and multidimensional IRT models. According to Embretson and Reise 




According to a proportion, h , for each latent class, the classes are measured as mixed in 
the observed sample. The sum of proportions equals one and model is following as:  









   .                                (4.12) 
           In conclusion, MIRA identifies latent classes, each with distinct item difficulty 
patterns that are required to fit item response data. The classes are mixed in the observed 
sample. MIRA parameters contain class proportions and class-specific item difficulties 
make to maximize the likelihood of the item response data. 
 
4.2.3 Multidimensional Rasch Model for Learning and Change (MRMLC) & 
MRMLC+ 
Multidimensional Rasch Model for Learning and Change (MRMLC) was 
proposed by Embretson (1991). This model is an appropriate model for repeated 
measurement data in which both the means and standard deviations are increasing over 
occasions. Also, the data must have a simplex correlation structure. MRMLC is 
appropriate for data on learning potential assessment or longitudinal studies of ability.  
The MRMLC can be written as 


















  ,                                   (4.13) 
where 
          jkiX )( = the response of person j to item i when presented under condition k, 




           ib   = item difficulty of item i. 
           Embretson postulated the involvement of M abilities in item responses within K 
occasions. Specifically, the MRMLC is based on the assumptions: (a) on the first 
occasion (k = 1) only an initial ability is involved in the item responses and (b) on later 
occasions (k > 1), ability plus k – 1 additional abilities are involved in the performance. 
Thus, the number of abilities increases at each time point (occasion). MRMLC+ 
(Embretson, 1995) is an extension of MRMLC to include the structural model of item 
difficulty. As in LLTM, item difficulty is predicted from a weighted combination of 
stimulus features that represent the cognitive complexity of the item. MRMLC+ can be 
expressed as follows: 





















,                          (4.14) 
where 
         ins = value on the n stimulus feature of item i, 
          n   = impact (weight) of item stimulus factor n on item difficulty, and 
           f   = normalization constant. 
Thus, MRMLC+ contains a structural model for item difficulty in addition to the 
structural model for person ability in MRMLC.  
 
4.2.4 Structured Latent Trait Models (SLTM)  
           Embretson (1997) proposed structured latent trait models (SLTM) because the 




processing differences. According to her, one individual‘s changes in memory load 
strongly influenced their item-solving probabilities, while another individual‘s change in 
memory load might little change their item-solving probabilities. 
           A general SLTM may be given as follows:  













,                        (4.15) 
where 
          jkiX )( = the response of person j to item i when presented under condition k, 
          jm   = ability for person j on ability m, which is collected into a vector j , 
           b ik   = difficulty contribution of condition k on item i, and 
           mki )(  = the weight of ability m in item i under condition k, which is collected into   
                         a weight matrix Λ.  
           An important feature of the SLTM is that the involvement of a particular 
processing ability, jm , depends on the item mki )( . If the item discriminations are 
constrained to the same value within each combination of condition k and ability m, then 
the resulting SLTM is a Rasch-family model.  
           The SLTM includes several sub-models. SLTM-1 is one of the Rasch-family 
model and item difficulties (b ik ) are constrained over all abilities. SLTM-2 also belongs 
to the Rasch-family models and its structures have fixed values (i.e., constants other than 
0 or 1 are allowed). This values stand for structured comparisons of performance across 
occasions. SLTM-3 is also general model structures and item difficulties are constrained 




on the latent trait. SLTM-4 is also the same general models as SLTM-1and belongs to the 
Rasch-family model. However, item difficulties can be changed across occasions. Thus, 
SLTM-4 is practical for conditions that contain person changes that are not equally 
important on all items (Embretsonn, 1997).   
 
4.3 Summary and Evaluation of the Models 
The list of the psychometric models reviewed in this chapter is presented for each 
category in Table 4.1. First, in the structured model category, LLTM, 2PL-Constrained 
model, and LPCM are appropriate for understanding the levels and sources of item 
difficulty since they contain the structural model of item difficulty. Item difficulty can be 
predicted from a weighted combination of item stimulus features, that is the sources of 
item difficulty, in these models. LLTM, 2PL-Constrained model are unidimensional IRT 
models, thus being relatively simple and easy to apply to the test design; unidimensional 
IRT models fit well with most achievement test data.  
Second, in the longitudinal model category, MRMLC and MRMLC+ resolved 
some basic problems in the classical measurement of individual change score such as the 
reliability paradox and the scaling problem. Additionally, MRMLC+ has a structural 
model of item difficulty, thus being useful for understanding the levels and sources of 
mathematical item difficulty. MRMLC+ permits linking individual learning to changes in 
cognitive processing and knowledge structures. In this category, SLTM is also applicable 
to understanding item difficulty. SLTM was developed based on the idea that an 




on occasions. Of the four sub-models of SLTM, SLTM-4 appears practical since item 
difficulty can be estimated differently across occasions. 
 
 












LLTM (Fischer, 1973) 
2PL-Constrained model  
      (Embretson, 1999) 
Hierarchical IRT Model  
       (Glass & van der Linden, 2003) 















SALTUS Model (Wilson, 1985) 
MIRA (Rost, 1990) 
MRMLC  (Embretson, 1991) 
MRMLC+ (Embretson, 1995) 














In conclusion, LLTM and its extensions such as 2PL-Constrained model, LPCM, 
and MRMLC+ are appropriate for understanding item difficulty. SLTM are applicable to 
understand the levels and sources of mathematical item difficulty. For analyzing ability 
change, all longitudinal models as well LLTM are appropriate, while 2PL-Constrained 










CHAPTER 5    
STANDARDS, BENCHMARKS, AND INDICATORS  




5.1 Identifying Mathematical Standards and Benchmarks 
Mathematical achievement standards and benchmarks are very important 
milestones. Standards for middle school mathematics are needed for all state students to 
learn mathematical content and skills that are used to solve a variety of problems. As 
shown in Table 5.1, there are four levels of standards. Standard 1 is ―number and 
computation‖; students use numerical and computational concepts and procedures in a 
variety of situations. Standard 2 is ―algebra‖; students use algebraic concepts and 
procedures in a variety of situations. Standard 3 is ―geometry‖; students use geometric 
concepts and procedures in a variety of situations. Standard 4 is ―data‖; students use 
concepts and procedures of data analysis in a variety of situations. These standards are 






 grades (Kansas State Department of Education, 2003).  
 
 
Table 5.1 Standards and Description for Middle School Mathematics  
 
Standard Standard Description 
1. Number  
and computation 
The student uses numerical and computational concepts 
and procedures in a variety of situations. 
2. Algebra The student uses algebraic concepts and procedures in a 
variety of situations. 
3. Geometry The student uses geometric concepts and procedures in a 
variety of situations. 
4. Data The student uses concepts and procedures of data analysis 





As shown in Table 5.2, Standard 1(number and computation) includes four 
benchmarks: Benchmark 1.1 (number sense), Benchmark 1.2 (number system and their 
properties), Benchmark 1.3 (estimation), and Benchmark 1.4 (computation).   
 
 
Table 5.2 Standard 1 (Number and computation)’s Benchmarks and Descriptions 
 




6th The student demonstrates number sense for rational 
numbers and simple algebraic expressions in one 
variable in a variety of situations. 
7th The student demonstrates number sense for rational 
numbers, the irrational number pi, and simple 
algebraic expressions in one variable in a variety of 
situations. 
8th The student demonstrates number sense for real 
numbers and simple algebraic expressions in one 






6th N/A in this test 
7th N/A in this test 
8th The student demonstrates an understanding of the 
real number system; recognizes, applies, and explains 




6th The student uses computational estimation with 
rational numbers and the irrational number pi in a 
variety of situations. 
7th N/A in this test 
8th N/A in this test 
1.4 
Computation 
6th The student models, performs, and explains 
computation with positive rational numbers and 
integers in a variety of situations. 
7th The student models, performs, and explains 
computation with rational numbers, the irrational 
number pi, and first-degree algebraic expressions in 
one variable in a variety of situations. 
8th The student models, performs, and explains 
computation with rational numbers, the irrational 
number pi, and algebraic expressions in a variety of 
situations. 




As shown in Table 5.3, Standard 2 (algebra) has four benchmarks: Benchmark 2.1 
(patterns), Benchmark 2.2 (variables/equations and inequalities), Benchmark 2.3 
(functions), and Benchmark 2.4 (models).  
 
 
Table 5.3 Standard 2 (Algebra)’s Benchmarks and Descriptions 
 
Benchmark Grade Description 
2.1. 
Patterns 
6th The student recognizes, describes, extends, develops, 
and explains the general rule of a pattern in variety of 
situations. 
7th The student recognizes, describes, extends, develops, 
and explains the general rule of a pattern in variety of 
situations. 






6th The student uses variables, symbols, positive rational 
numbers, and algebraic expressions in one variable to 
solve linear equations and inequalities in a variety of 
situations. 
7th The student uses variables, symbols, rational 
numbers, and simple algebraic expressions in one 
variable to solve linear equations and inequalities in a 
variety of situations. 
8th The student uses variables, symbols, rational 
numbers, and algebraic expressions to solve linear 
equations and inequalities in a variety of situations. 
2.3. 
Functions 
6th N/A in this test 
7th N/A in this test 
8th The student recognizes, describes, and analyzes 
constant, linear and nonlinear relationships in a 
variety of situations. 
2.4  
Models 
6th N/A in this test 
7th N/A in this test 
8th The student generates and uses mathematical models 
to represent and justify mathematical relationships 







As shown in Table 5.4, four benchmarks of Standard 3 (geometry) are Benchmark 
3.1 (geometric figures and their properties), Benchmark 3.2 (measurement and 
estimation), Benchmark 3.3 (transformational geometry), and Benchmark 3.4 (geometry 
from an algebraic perspective).  
 
 
Table 5.4 Standard 3 (Geometry)’s Benchmarks and Descriptions 
 





6th The student recognizes geometric figures and 
compares their properties in a variety of 
situations. 
7th Same as above 




6th The student estimates, measures, and uses 
measurement formulas in a variety of situation. 
7th The student estimates, measures, and uses 
measurement formulas in a variety of situation. 




6th The student recognizes and performs 
transformations on two- and three-dimensional 
geometric figures in a variety of situations. 
7th The student recognizes and performs 
transformations on two- and three-dimensional 
geometric figures in a variety of situations. 





6th The student relates geometric concepts to a 
number line and a coordinate plane in a variety of 
situations. 
7th N/A in this test 
8th The student uses an algebraic perspective to 
examine the geometry of two-dimensional figures 








As shown in Table 5.5, Standard 4 (data) includes two benchmarks: Benchmark 
4.1 (probability) and Benchmark 4.2 (statistics). 
 
 
Table 5.5 Standard 4 (Data)’s Benchmarks and Descriptions 
 
Benchmark Grade Description 
4.1. 
Probability 
6th The student applies the concepts of probability to 
draw conclusions and to make predictions and 
decisions including the use of concrete objects in a 
variety of situations. 
7th N/A in this test 
8th The student applies the concepts of probability to 
draw conclusions, generate convincing arguments, 
and make predictions and decisions including the 
use of concrete objects in a variety of situations. 
4.2.  
Statistics 
6th N/A in this test 
7th The student collects, organizes, displays, and 
explains numerical (rational numbers) and non-
numerical data sets in a variety of situations with a 
special emphasis on measures of central tendency. 
8th The student collects, organizes, displays, and 
interprets numerical (rational) and non-numerical 
data sets in a variety of situations. 
 
 







Notice that description of a benchmark is slightly different for each grade level 
except Benchmark 3.1(geometric figures and their properties) whose description is same 
for all the grade levels (see Table 5.4). It should be also noted that the fourteen 






 grades in this test (see Table 5.6). 
A total of four standards and fourteen benchmarks exist for middle school mathematics: 
Standard 1(number and computation), Standard 2 (algebra), and Standard 3 (geometry) 








  Grade 7
th
  Grade 8
th
  Grade 
1. Number and 
Computation 
1.1. Number sense Yes Yes Yes 
1.2.Number systems and  
their properties 
N/A N/A Yes 
1.3. Estimation Yes N/A N/A 
1.4. Computation Yes Yes Yes 
2.Aalgebra 2.1. Patterns Yes Yes N/A 
2.2. Variables, Equations,  
and Inequalities 
Yes Yes Yes 
2.3. Functions N/A N/A Yes 
2.4.  Models N/A N/A Yes 
3.Geometry 3.1. Geometric Figures and  
Their Properties 
Yes Yes Yes 
3.2. Measurement and  
Estimation 
Yes Yes N/A 
3.3. Transformational  
Geometry 
Yes Yes N/A 
3.4. Geometry from  
an Algebraic Perspective 
Yes N/A Yes 
4. Data 4.1. Probability Yes N/A Yes 
4.2.Statistics N/A Yes Yes 
 
 
The number of benchmarks within the standards is different depending on grades as 
shown in Table 5.6. Also, those benchmarks include different indicators for each grade 
level. For analyzing the change in mathematical achievement in 6
th









 grade mathematical achievement results are needed. Thus, in 
this study, four benchmarks 1.1 (number sense), 1.4 (computation), 2.2 
(variables/equations and inequalities), and 3.1 (geometric figures and their properties) 









There are three categories: for only one grade, two grades, and all grades. First, 
some benchmarks are applied for only one grade. For example, benchmark 1.3 
(estimation) is used only for 6
th
 grade. Benchmark 1.2 (number systems and their 
properties), Benchmark 2.3 (functions), and Benchmark 2.4 (models) are used only for 8
th
 
grade. Second, some benchmarks are applied for two grades. Benchmark 2.1 (patterns), 
Benchmark 3.2 (measurement and estimation), and Benchmark 3.3 (transformational 




 grades. Benchmark 3.4 (geometry from an algebraic 




 grades. Benchmark 




 grades. However, four benchmarks are applied for all 
grades.  Benchmark 1.1 (number sense), Benchmark 1.4 (computation), Benchmark 2.2 
(variables/equations and inequalities), and Benchmark 3.1 (geometric figures and their 






 grades.  
In this study, six benchmarks (1.1 number sense, 1.4 computation,  2.2 
variables/equations and inequalities, 3.1 geometric figures and their properties, 3.4 
geometry from an algebraic perspective, and 4.1 probability will be focused on for 




 grade. Two 





 grades, while four benchmarks (1.1 number sense, 1.4 computation, 







 grades. The change in the set of benchmarks becomes more 
cognitively complex for higher grades. Thus, indicators of a benchmark are also different 










 grade)‘s indicators of the benchmarks 1.1, 1.4, 2.2, 3.1, 3,4, and 4.1 are presented in 
Table 5.7, 5.8, 5.9, 5.10, 5.11, and 5.12, respectively.   
First, the description of Benchmark 1.1 (number sense) for 6
th
 grade is that the 
student demonstrates number sense for rational numbers and simple algebraic expressions 
in one variable in a variety of situations.  However, for 7
th
 grade, it is that the student 
demonstrates number sense for rational numbers, the ―irrational number pi‖, and simple 
algebraic expressions in one variable in a variety of situations. Also, for 8
th
 grade, student 
should demonstrate number sense for ―real numbers‖ and simple algebraic expressions in 
one variable in a variety of situations.  For indicators, as shown in Table 5.7, Benchmark 









Table 5.7 Indicators of the Benchmark 1.1 of Standard 1 
  




6th 1.1. 1. Compares and orders : a) integers; b) fractions 
greater than or equal to zero; c) decimals greater 
than or equal to zero through thousandths place 
1.1.2. Knows and explains numerical relationships 
between percents 
7th 1.1.1. Generates and/or solves real-world problems 
using: a) equivalent representations of rational 
numbers and simple algebraic expressions: b) 
addition, subtraction, multiplication, and division of 
rational numbers with a special emphasis on 
fractions and expressing answers in simplest form 
8th 1.1.1. Knows and explains what happens to the 
product or quotient when: a) a positive number is 
multiplied or divided by a rational number greater 
than zero and less than one; b) a positive number is 
multiplied or divided by a rational number greater 
than one; c) a nonzero real number is multiplied or 





Second, as shown in Table 5.8, Benchmark 1.4 includes different indicators for 
each grade level.  
 
  
Table 5.8 Indicators of the Benchmark 1.4 of Standard 1 
  
Benchmark Grade Indicator Description 
1.4 
Computation 
6th 1.4.1. Performs and explains these computational 
procedures: a) divides which numbers through a 2-
digit divisor and a 4-digit dividend and expresses the 
remainder as a whole number, fraction, or decimal 
1.4.2. Generates and/or solves one- and two-step 
real-world problems with rational numbers using the 
computational procedures: b) addition, subtraction, 
multiplication, and division of decimals through 
hundredths place 
7th 1.4.1. Performs and explains these computational 
procedures: a) adds and subtracts decimals from ten 
millions place through hundred thousandths place; 
b) multiplies and divides a four-digit number by a 
two-digit number using numbers from thousands 
place through thousandths place; c) multiplies and 
divides using numbers from thousands place through 
thousandths place by 10; 100; 1,000; 0.1; 0.01; 0.001; 
or signal-digit multiplies of each; d) adds, subtracts, 
multiplies, and divides fractions and expresses 
answers in simplest form 
1.4.2. Finds percentages of rational numbers 
8th 1.4.1.  Performs and explains these computational 
procedures with rational numbers: a) addition, 
subtraction, multiplication, and division of integers; 
b) order of operations (evaluates within grouping 
symbols, evaluates powers to the second or third 
power, multiplies or divides in order from left to 
right, then adds or subtracts in order from left to 
right) 
1.4.2.  Generates and/or solves one- and two-step 
real-world problems using computational procedures 
and mathematical concepts: a) rational numbers; b) 
the irrational number pi as an approximation; c) 





The description of Benchmark 1.4 (computation) for 6
th
 grade is that the student models, 
performs, and explains computation with positive rational numbers and integers in a 
variety of situations. For 7
th
 grade, it is more complex than 6
th
 grade. For example, the 
student models, performs, and explains computation with ―rational numbers, the 
irrational number pi, and first-degree algebraic expressions in one variable‖ in a variety 
of situations. For 8
th
 grade, it is more complex than 7
th
 grade. The student should model, 
perform, and explain computation with ―rational numbers, the irrational number pi, and 
algebraic expressions‖ in a variety of situations.  
Third is Benchmark 2.2 (variables/equations and inequalities) in Table 5.9.    
 
 
Table 5.9 Indicators of the Benchmark 2.2 of Standard 2  
 






6th 2.2.1. Represents real-world problems using variables 
and symbols to: b) write and/or solve one-step 
equations (addition, subtraction, multiplication, and 
division) 
7th 2.2.1.  Knows the mathematical relationship between 
ratios, proportions, and percents and how to solve for a 
missing term in a proportion with positive rational 
number solutions and monomials  
2.2.2.  Evaluates simple algebraic expressions using 
positive rational numbers 
2.2.3.  Represents real-world problems using variables 
and symbols to write linear expressions, one- or two- 
step equations 
8th 2.2.1.  Solves: a) one- and two-step linear equations in 
one variable with rational number coefficients and 
constants intuitively and/or analytically 
2.2.2.  Represents real-world problems using: a) 
variables, symbols, expressions, one- or two- step 






The description of Benchmark 2.2 (variables, equations, and inequalities) for 6
th
 grade is 
that the student uses variables, symbols, ―positive rational numbers‖, and algebraic 
expressions in one variable to solve linear equations and inequalities in a variety of 
situations. For 7
th
 grade, it is more complex because the student uses variables, symbols, 
―rational numbers, and simple algebraic expressions ―in one variable to solve linear 
equations and inequalities in a variety of situations. For 8
th
 grade, it is more complex than 
7
th
 grade since the student should use variables, symbols, ―rational numbers, and 
algebraic expressions‖ to solve linear equations and inequalities in a variety of situations.  
 
 
Table 5.10 Indicators of the Benchmark 3.1 of Standard 3  
 






6th 3.1.1. Classifies: a) angles as right, obtuse, acute, or 
straight; b) triangles as right, obtuse, acute, scalene, 
isosceles, or equilateral 
7th 3.1.1.  Identifies angle and side properties of 
triangles and quadrilaterals: a) sum of the interior 
angles of any triangle is 180˚; b) sum of the interior 
angles of any quadrilateral is 360˚; c) parallelograms 
have opposite sides that are parallel and congruent; 
d) rectangles have angles 90˚ opposite sides are 
congruent; e) rhombi have all sides the same length, 
opposite angles are congruent; f) squares have angles 
of 90˚, all sides congruent; g) trapezoids have one 
pair of opposite sides parallel and the other pair of 
opposite sides are not parallel 
8th 3.1.1.  Uses the Pythagorean theorem: a) determine 
if a triangle is a right triangle; b) find a missing side  
of a right triangle where the lengths of all three sides 
are whole numbers 
3.1.2.  Solves real-world problems by: a) using the 






Fourth, as shown in Table 5.10, Benchmark 3.1 (geometric figures and their 
properties) includes different indicators for each grade level.  The description of 
Benchmark 3.1 for all grade levels is same: The student recognizes geometric figures and 
compares their properties in a variety of situations. However, Benchmark 3.1(geometric 







because of change for cognitively complex.  
Fifth, as shown in Table 5.11, Benchmark 3.4 (geometry from an algebraic 
perspective) includes different indicators for 6
th
 grade and 8
th
 grade level. The description 
of Benchmark 3.4 (geometry from an algebraic perspective) for 6
th
 grade is that the 
students relate geometric concepts to a number line and a coordinate plane in a variety of 
situations. However, for 8
th
 grade, it is that the student uses an algebraic perspective to 
examine the geometry of two-dimensional figures in a variety of situations.  
 
 
Table 5.11 Indicators of the Benchmark 3.4 of Standard 3  
 






6th 3.4.1. Uses all four quadrants of the coordinate 
plane: a) identify the ordered pairs of integer values 
on a given graph; b) plot the ordered pairs of integer 
values 
7th N/A in this test 
8th 3.4.1.  Uses the coordinate plane to: a) list several 
ordered pairs on the graph of a line and find the 
slope of the line; b) recognize that ordered pairs that 
lie on the graph of an equation are solutions to that 
equation; c) recognize that points that do not lie on 
the graph of an equation are not solutions to that 
equation; d) determine the length of a side of a figure 
drawn on a coordinate plane with vertices having the 





Sixth, as shown in Table 5.12, Benchmark 4.1(probability) also includes different 
indicators for 6
th
 grade and 8
th
 grade level. The description of Benchmark 4.1 for 6
th
 
grade is that the students apply the concepts of probability to draw conclusions and to 
make predictions and decisions including the use of concrete objects in a variety of 
situations. However, for 8
th
 grade, it is that the students apply the concepts of probability 
to draw conclusions, generate convincing arguments, and make predictions and decisions 
including the use of concrete objects in a variety of situations. 
 
 
Table 5.12 Indicators of the Benchmark 4.1 of Standard 4  
 
Benchmark Grade Indicator Description 
4.1. 
Probability 
6th 4.1.1.  List all possible outcomes of an experiment or 
simulation with a compound event composed of two 
independent events in a clear and organized way 
4.1.2. Represents the probability of a simple event in 
an experiment or simulation using fractions and 
decimals 
7th N/A in this test 
8th 4.1.1.  Finds the probability of a compound event 
composed of two independent events in an 
experiment, simulation, or situation 
4.1.2.  Makes predictions based on the theoretical 





In conclusion, some benchmarks are applied for only one grade: Benchmark 1.3 
(estimation) is used only for 6
th
 grade while Benchmark 1.2 (number systems and their 
properties), Benchmark 2.3 (functions), and Benchmark 2.4 (models) are used only for 8
th
 
grade. Also, some benchmarks are applied for two grades: Benchmark 2.1 (patterns), 
Benchmark 3.2 (measurement and estimation), and Benchmark 3.3 (transformational 












 grades, and 











 grades. They are Benchmark 1.1 (number sense), Benchmark 1.4 
(computation), Benchmark 2.2 (variables/equations and inequalities), and Benchmark 3.1 
(geometric figures and their properties). These four benchmarks are very useful for 
analyzing the shift in the achievement across grades. Benchmark 3.4 (geometry from an 
algebraic perspective) and Benchmark 4.1 (probability) are also used in this study 




 grades it can be analyzed the shift in the achievement. 
Therefore, six benchmarks 1.1 (number sense), 1.4 (computation), 2.2 
(variables/equations and inequalities), 3.1 (geometric figures and their properties), 3.4 
(geometry from an algebraic perspective), and 4.1 (probability) are focused on for 




















6.1 Study 1 Purpose and Hypotheses 
6.1.1 Study 1 Purpose  
Study 1 was conducted as a preliminary study to investigate general properties of 
the state mathematical achievement tests before measuring students‘ achievement 
changes in Study 2. Item difficulties of the mathematical standards and benchmarks as 
well as their factor structures were carefully examined in this study. Therefore, objectives 
of this study were (1) to estimate item difficulties of the four standards and the six 
specific benchmarks (1.1, 1.4, 2.2, 3.1, 3.4, and 4.1), (2) to examine the implications of 
the four standards for independent factors, using a full information confirmatory factor 
analysis (FICFA), which also provides   –estimations in each factor, and (3) to examine 
the extent to which a general factor underlies all the variables beyond content-specific 
group factors (i.e., four standards, six specific benchmarks) using item bifactor analysis.  
 
6.1.2 Study 1 Hypotheses 
6.1.2.1 Study 1.1 Hypothesis: Item difficulty 
Identifying the difficulty of each mathematical standard and benchmark is a 
fundamental and important step before measuring the mathematical achievement change 
in Study 2. In this study, item difficulties of the four standards and the six benchmarks 
were estimated within grades. There are two considerations that lead to hypotheses 




First, difficulties of the four mathematical standards (numbers and computation, 
algebra, geometry, and data) may be different. According to Tatsuoka et al. (2004), U.S. 
students are weak, especially in geometry. They insisted that success in geometry was 
found to be highly associated with logical reasoning and other important mathematical 
thinking skills. Therefore, it is expected that Standard 3 (geometry), in this study, is 
harder than the other standards. Then, Standard 2 (algebra) may be harder than both 
Standard 1 (numbers and computation) and Standard 4 (data) because it requires logical 
or abstract reasoning. However, an alternative view is that difficulties of the four 
mathematical standards (numbers and computation, algebra, geometry, and data) may be 
same because the test items are selected to make the standards equally difficult. 
Second, it is also expected that item difficulties of the six specific benchmarks are 
different from each other. Benchmark 3.4 (geometry from an algebraic perspective) may 
be harder than any of the benchmarks because it requires logical reasoning and some 
algebraic characteristics. Benchmark 3.1 (geometric figures and their properties) may be 
harder than the other four benchmarks because the spatial and geometric concepts are 
required. In addition, Benchmark 2.2 (variables/equations and inequalities) may be harder 
than the rest of the three benchmarks because of the logic and abstract reasoning 
requirement. However, similar to the standards, item difficulties of the six specific 
benchmarks may be same because the test items are selected to make the benchmark 
equally difficult. 
  In this study, following two hypotheses were tested based on the view that 




Hypothesis 1. Difficulties of the four standards are in the following order: 
Standard 3 (Geometry) > Standard 2 (Algebra) > Standard 4 (Data) > Standard 1 
(Number and computation). * harder > easier 
Hypothesis 2. Difficulties of the six specific benchmarks are in the following 
order: Benchmark 3.4 (geometry from an algebraic perspective) > Benchmark 3.1 
(geometric figures and their properties) > Benchmark 2.2 (variables/equations and 
inequalities) > Benchmark 4.1 (probability) > Benchmark 1.4 (computation) > 
Benchmark 1.1 (number sense). * harder >easier 
 
6.1.2.2 Study 1-2 Hypothesis: Full Information Confirmatory Factor Analysis   
Since the mathematical achievement tests in this study were developed based on 
the four standards as elaborated in Chapter 5, full information confirmatory factor 
analysis (FICFA) is appropriate to examine the relative independence of the skills that are 
defined. Thus, exploratory factor analysis (EFA) was not performed. FICFA was carried 
out to identify the four-factor structure by the four standards for each grade data.  
Although each of the mathematical items was originally constructed to involve a 
specific single standard according to the blueprint, Embretson (2011) found that some 
items may require the mastery of multiple standards. For example, in reality, some items 
can involve two standards such as Standard 1 (numbers and computation) and Standard 2 
(algebra) or more. A Q-matrix which is incidence matrix of the attributes (e.g., standards, 
benchmarks) involved in each item was developed by a mathematician who was 
experienced in state assessment. In this study, the FICFA model without split loadings 




allowing split loadings (non-zero loadings on more than one factor) is based on the Q 
matrix. Thus, There are two following hypothesis regarding the FICFA models:  
Hypothesis 3. The four factor structure defined by the four standards will be 
identified for each grade.  
Hypothesis 4. The FICFA model with split loadings fits the data better than the 
FICFA model without split loadings.  
 
6.1.2.3 Study 1-3 Hypothesis: Bifactor Analysis by Content  
It is plausible for many types of psychological and educational tests to exhibit a 
two level-structure of a ―general‖ factor and one or more content-specific group factors 
(Gibbons, Bock, Hedeker et al., 2007). In this mathematical achievement test, a general 
factor represents the overall mathematical competency and the content-specific group 
factors correspond to the specific contents such as the four standards or six benchmarks.  
The bifactor model constrains each item to have a non-zero loading on the general factor 
and a secondary loading on no more than one of the group factors. Also, the group factors 
are assumed uncorrelated with each other (Weiss & Gibbons, 2007). Although the 
constraint of no split loading in the bifactor model does not fit the multiple-standard 
involvement of the test items in this study, the item bifactor analysis was used to examine 
the extent to which a general factor accounts for the data and to examine the extent to 
which content-specific group factors reflect the four standards or six benchmarks.  
Compared with the FICFA, bifactor analysis can provide the information as to 
whether all the test items commonly represent a general factor (i.e., mathematical 




and the contribution of each content on the general factor. That is the reason why a 
bifactor analysis is needed. Existence of the bifactor structure will be examined for each 








Hypothesis 5. The bifactor structure which includes a general factor 
(mathematical competency) and content-specific group factors (four standards or six 
benchmarks) exists across the grades. 
 
6.2 Study 1 Method 
6.2.1 Subjects and Instruments 
For longitudinal data, same subjects at different points of time are needed. A 
random sample of 2667 students in a Midwest state was obtained, who were in sixth, 
seventh, and eighth grade in 2006, 2007, and 2008, respectively.  A mathematical 
achievement tests were administered online to all the students at the end of each school 











 grade, respectively. All items in the test were multiple-choice items with four 








  Grade 7
th
  Grade 8
th
  Grade 
Total Objective Questions 86 84 86 
1. Number and 
Computation 
1.1. Number sense 10   5 6 
1.2.Number systems and  
their properties 
N/A N/A 10 
1.3. Estimation   6 N/A N/A 
1.4. Computation 14 13 12 
Number and Computation Subtotal 30 18 28 
2.Aalgebra 2.1. Patterns   4 10 N/A 
2.2. Variables, Equations,  
and Inequalities 
  8  19 12 
2.3. Functions N/A N/A   5 
2.4.  Models N/A N/A   4 
Algebra Subtotal 12  29 21 
3.Geometry 3.1. Geometric Figures and  
Their Properties 
  6   7   9 
3.2. Measurement and  
Estimation 
14  14 N/A 
3.3. Transformational  
Geometry 
  4   4 N/A 
3.4. Geometry from  
an Algebraic Perspective 
  6 N/A   8 
Geometry Subtotal 30 25 17 
4. Data 4.1. Probability 14 N/A 12 
4.2.Statistics N/A 12   8 






The mathematical items were constructed according to a blueprint to represent four 
standards areas with various competences (concepts and procedures, problem solving, 
reasoning and communication) and contents (numbers and computation, algebra, 
geometry, and data with probability and statistics). The blueprint has a hierarchical 
structure of benchmarks and indicators within standards as shown on Appendix A. 
 
6.2.2 Study 1 Procedure 
IRTPRO Beta 2 program was used for the analyses in item difficulty, FICFA, and 
bifactor analysis. IRTPRO is the most recent IRT application program for item 
calibration and ability estimation which can provide better estimates for test structure 
than the other IRT programs (e.g., BILOG, TESTFACT).  
 
6.2.2.1 Study 1-1 Procedure: Item difficulty 
For item difficulty, both b-parameter value of 2PL IRT model and p-value in CTT 
(the percent of correct answers) were obtained for each grade (see Table 6.2).  
 
 
Table 6.2 Item Difficulties of the Four Standards and the Six Benchmarks  
 
Grade Number of items IRT  CTT 






                    
                    
  7
th grade  84 items 




Then, the average b-value and p-value of the items involving each standard or each 




(benchmark) was compared to see which standard (benchmark) is harder or easier within 
grades. Note that the higher b-value indicates the harder item while the higher p-value 
designates the easier item.  
As noted above, it was hypothesized that the difficulties of the four standards 
would be in the following order: Standard 3 (Geometry) > Standard 2 (Algebra) > 
Standard 4 (Data) > Standard 1 (Number and computation). Likewise, the difficulties of 
the six specific benchmarks were compared within grades. It was hypothesized that 
difficulties of the six specific benchmarks would be in the following order: Benchmark 
3.4 (geometry from an algebraic perspective) > Benchmark 3.1 (geometric figures and 
their properties) > Benchmark 2.2 (variables/equations and inequalities) >Benchmark 4.1 
(probability) > Benchmark 1.4 (computation) > Benchmark 1.1 (number sense).  
 
6.2.2.2 Study 1-2 Procedure: Full Information Confirmatory Factor Analysis   
First, the four-factor structure defined by the four standards was examined. 
Second, FICFA model without split loadings (non-zero loadings on only one factor) were 
compared with the FICFA model with split loadings (non-zero loadings on more than one 
factor). In this study, the FICFA model without split loadings is based on the blueprint 
while the FICFA model allowing split loadings is based on the Q matrix constructed by 
mathematical experts for multiple involvements of standards in items. As a result, three 
models were tested: Model 1 (single factor model), Model 2 (FICFA model without split 
loadings), and Model 3(FICFA model with split loadings). Therefore, a total of nine 
models (with and without split loadings for the three grades) were tested as shown in the 





Table 6.3 Single Factor Model, FICFA Model without split loading, and FICFA Model 
with split loadings 
 
Model Factors Data 
#1-1 Single factor model 6
th
 grade  
#1-2 Single factor model 7
th
 grade  
#1-3 Single factor model 8
th
 grade  




 grade  




 grade  




 grade  
#3-1  FICFA model with split loadings (4 Standards) 6
th
 grade  
#3-2 FICFA model with split loadings (4 Standards) 7
th
 grade  
#3-3 FICFA model with split loadings (4 Standards) 8
th




Because Model 1, 2, and 3 are nested models, hierarchical chi-square tests were 
used. To examine the four factor structure of the mathematical test, significance of the 
chi-square change using the likelihood-based value (-2loglikelihood) between Model 1 
and MODEL 2 was tested as follows: 
 χ
2
 = -2log Likelihood single factor – ( -2log Likelihood FICFA without split loadings) 




 = -2log Likelihood  without split loadings – ( -2log Likelihood with split loadings) 
Factor loadings and goodness of fit statistics such as Akaike Information Criterion 
(AIC), and Bayesian Information Criterion (BIC) were also compared among MODEL 1, 







6.2.2.3 Study 1-3 Procedure: Bifactor Analysis by Contents  
A total of six bifactor models were tested as shown in Table 6.4. It should be 
noted that Benchmarks 3.4 and 4.1 were not measured in 7
th
 grade, thus four benchmarks 
(1.1, 1.4, 2.2, and 3.1) were included in the grade. As shown in the table, it was tested 
whether a general factor (i.e., mathematical competency) and content-specific group 
factors (i.e., four standards or six benchmarks) exist across the grades. Item bifactor 
analyses by the four standards and by the six specific benchmarks (1.1, 1.4, 2.2, 3.1, 3.4 
and 4.1) were conducted for each grade.  
 
 
Table 6.4 Bifactor Models by Standards and Benchmarks within Grades 
 
Bifactor model Number of Group Factors Data 
#1 4 Standards 6
th
 grade  
#2 4 Standards 7
th
 grade  
#3 4 Standards 8
th
 grade  
#4 6 Benchmarks  
(1.1, 1.4, 2.2, 3.1, 3.4, & 4.1) 
6
th
 grade  
#5 4 Benchmarks  




#6 6 Benchmarks  
(1.1, 1.4, 2.2, 3.1, 3.4, & 4.1) 
8
th
 grade  
 
 
To test the bifactor model, significance of the chi-square between unidimensional 








Factor loadings as well as goodness of fit statistics such as Akaike Information Criterion 
(AIC), and Bayesian Information Criterion (BIC) were also examined. In a bifactor 
model, the evidence of the existence of a general factor is that all items should show high 
loadings on it. Therefore, the factor loadings can be also used for checking the model fit 
regarding the general factor. An acceptable fit suggests that a general factor can account 
for responses on all test items and that the group factors are independent of the general 
factors (Chen, West, & Sousa, 2006). Additionally, the bifactor models have constraints 
of no split factor loadings on the content-specific group factors (e.g., four standards) and 
of no inter-factor correlations. Such constraints may decrease the model-data fit because 
some test items involve multiple contents (standards, benchmarks) and the group factors 
may correlate with each other.  
 
6.3 Study1 Results 
6.3.1 Study 1-1: Item Difficulty 
First, item difficulties (b- and p-values) of all the test items (86 items for 6
th
 grade, 
84 items for 7
th
 grade, and 86 items for 8
th
 grade) were estimated for each grade. Based 
on item-model fit (summed -score based   ), 26 items for 6th grade, 24 items for 7th grade, 
and 26 items for 8
th
 grade were excluded (p < .05), thereby resulting in 60 items for each 
grade. The results after excluding using item-model fit are shown in Table 6.5. As the 
content (i.e., standard or benchmark) difficulty, the average b-and p -values of the items 
involving each of the four standards and the six benchmarks (1.1, 1.4, 2.2, 3.1, 3.4, and 
4.1) were presented for each grade in Figure 6.2, 6.3, and 6.4 respectively. It should be 









 grade.  
 




  Grade 7
th
  Grade 8
th
  Grade 
Total Objective Questions 86-26=60 84-24=60 86-26=60 
1. Number and 
Computation 
1.1. Number sense 10-5=5   5-1=4 6-1=5 
1.2.Number systems and  
their properties 
 N/A N/A 10-1=9 
1.3. Estimation   6-3=3 N/A N/A 
1.4. Computation  14-4=10 13-6=7 12-5=7 
Number and Computation Subtotal 30-12=18 18-7=11 28-7=21 
2.Algebra 2.1. Patterns   4-2=2 10-2=8 N/A 
2.2. Variables, Equations,  
and Inequalities 
  8-2=6  19-5=14 12-7=5 
2.3. Functions   N/A N/A   5-3=2 
2.4.  Models   N/A N/A   4 
Algebra Subtotal 12-4=8  29-6=22 21-10=11 
3.Geometry 3.1. Geometric Figures and  
Their Properties 
  6-1=5   7-1=6   9-5=4 
3.2. Measurement and  
Estimation 
14-5=9  14-5=9 N/A 
3.3. Transformational  
Geometry 
  4   4-3=1 N/A 
3.4. Geometry from  
an Algebraic Perspective 
  6 N/A   8-1=7 
Geometry Subtotal 30-6=24 25—9=16 17-6=11 
4. Data 4.1. Probability 14-4=10 N/A 12-3=9 
4.2.Statistics N/A 12-1=11   8 




The results in b-value and p-value were similar as shown in the three figures 
(Figure 6.2 for 6
th
 grade, Figure 6.3 for 7
th
 grade Figure 6.4 for 8
th
 grade); there was no 






































Benchmark -1.276 -1.234 -1.292 -1.466 -1.578 -1.624








Standard 1       Standard 2        Standard 3          Standard 4
Average b-value for Each Content (6th grade)
Bench 1.1 Bench 1.4 Bench 2.2 Bench 3.1 Bench 3.4 Bench 4.1
Benchmark 0.777 0.744 0.763 0.813 0.807 0.834







Standard 1       Standard 2        Standard 3          Standard 4























Bench 1.1 Bench 1.4 Bench 2.2 Bench 3.1
Benchmark -0.928 -0.984 -1.126 0.097








Standard 1            Standard 2  Standard 3  Standard 4
Average b-value  in 7th grade
Bench 1.1 Bench 1.4 Bench 2.2 Bench 3.1
Benchmark 0.706 0.693 0.749 0.650







Standard 1            Standard 2  Standard 3  Standard 4



























Benchmark -1.231 -0.944 -1.232 -1.237 -1.153 -1.069








Standard 1            Standard 2        Standard 3          Standard 4













Benchmark 0.753 0.673 0.759 0.784 0.745 0.734







Standard 1            Standard 2        Standard 3          Standard 4




Unlike the hypotheses described above regarding the content difficulty, no 
significant difference was found for the four standards [F (3,56) = 1.34, p = .27 in 6
th
 
grade, F (3,56) = 0.51, p = .68 for 7
th
 grade, and F (3,56) = 1.01, p = .40 for 8
th
 grade] 
and the benchmarks [F (5,36) = 0.63, p = .68 for 6
th
 grade, F (3,27) = 1.15, p = .35 for 7
th
 
grade, and F (5,32) = 0.14, p = .98 for 8
th
 grade] in the average b-value. Although the 
difference was not significant, it was an interesting findings that, Standard 1 (Number 
and Computation) and Benchmarks 1.1 and 1.4 were generally harder than the other 
standards or benchmarks in 6
th
 grade while Standard 3 (Geometry) and Benchmark 3.1 
(geometric figures and their properties) were hardest in 7
th
 grade. In 8
th
 grade, Standard 2 
(Algebra) was the hardest of the four standards. A possible reason that these standards 
were harder than the others in specific grades is that they were especially targeted in 
those grades; Standard 1 (Number and computation) may be targeted in 6
th
 grade because 
children‘s development of central conceptual structure for number is until ten years old 
(Case, 1985). Standard 3 (Geometry) may not be emphasized in 6
th
 grade but rather in 7
th
 
grade or later because it requires logical reasoning and other mathematical thinking skills 
(Tatsuoka et al., 2004).   
 
6.3.2 Study 1-2: Full Information Confirmatory Factor Analysis 
First, chi-square statistics of the single factor model (Model 1) and the FICFA 
model (by the four standards) without split loadings (Model 2) were presented for each 
grade in Table 6.6 along with the significance of the change. All the chi-square changes 




single factor – χ
2
FICFA) were significant, which indicated the four 




Second, as shown in the Table 6.7, two models were tested in each grade: FICFA 
model without split loadings (Model 2) and FICFA model with split loadings (Model 3). 
For 6
th




 FICFA without split loadings – χ
2
FICFA with split loadings) 





 grade, it was very significant, which indicated the split loadings of the 
FICFA model greatly improved the data fit. Also, AIC and BIC also supported that 






 grades. The fit indices improved in the all 
three grades as shown in Table 6.7. 
 
 
Table 6.6 Comparison of the Single Factor Model (Model 1) and the FICFA model 
without Split Loadings (Model 2) by the Four Standards in Fit Indices 
 
Grade Model -2logL χ
2
 df P AIC BIC 
6
th
  #1-1  149285.04      149405.04 149758.36 
 #2-1 137875.05  11409.99 60 .000 138115.05 138821.70 
7
th
  #1-2  172330.55      172450.55 172803.88 
 #2-2   164698.62  7631.93 60 .000 164938.62 165645.26 
8
th
  #1-3  165310.04      165430.04 165783.37 
 #2-3 157195.47 8204.57 60 .000 163514,94 164345.25 
Note. #1 = Single factor model, #2 = FICFA model without split loading 
 
 
Table 6.7 Comparison of the FICFA model without Split Loadings (Model 2) and the 
FICFA model with Split Loadings (Model3) in Fit Indices 
 
Grade Model -2logL χ2 df P AIC BIC 
6
th
  #2-1  137875.05     138115.05 138821.70 
 #3-1 137798.57  76.48 3 <.0001 138044.57 138768.88 
7
th
  #2-2   164698.62     164938.62 165645.26 
 #3-2  163232.94  1465.68  21 .000 163514.94 164345.25 
8
th
  #2-3  157105.47    163514.94 164345.25 
 #3-3 154461.00  2644.47  29 .000 154759.00 155636.41 




Factor loadings of all the FICFA models with split loadings for three grades were 
provided in Appendix B. In 6
th
 grade, all the factor loadings were strong except item # 63 
(= 0.18) for the primary factor (Standard 1), item #65, 66, and 67 (0.19, 0.21, and 0.21, 




 grades, some items 
showed low loadings (< 0.25) on the primary factors but high loadings ( > 0.25) on the 
secondary factors (items # 34 for 7
th
 grade, items #24, 51, and 95 for 8
th
 grade). Item #34 
in 7
th
 grade involved Standard 2 (Algebra) as a primary factor and Standard 1 (Number 
and Computation) as a secondary factor. Item #24 in 8
th
 grade involved Standard 4 (Data) 
as a primary factor and Standard 2 as a secondary factor. Item #51 and #95 in 8
th
 grade 
were loaded on Standard 3 (Geometry) as a primary factor and Standard 2 as a secondary 
factor. It was speculated that these reversed factor loading patterns between primary and 
secondary factor may be due to the more difficult aspect of the secondary factor than the 
primary factor. For example, in item #55 in 8
th
 grade, the secondary factor (Algebra) was 
harder than the primary factor (Data) and it may caused the reversed factor loading 
pattern. Also, item #68 in 7
th
 grade and item #88 in 8
th
 grade showed very low loadings 
on their primary factors (0.08 on Standard 3 and 0.17 on Standard 1, respectively), which 
suggested that these items did not represent the factors very well. However, rest of the 
factor loadings were strong and fit the Q-matrix well.  
 
6.3.3 Study 1-3: Bifactor Analysis by Content 
First, chi-square statistics of the unidimensional and bifactor model and the 
significance of the change between the two models were presented for the standards and 





Table 6.8 Chi-Square Change in the Bifactor Models by Four Standards within Grades 
 
Grade Model -2logL χ
2
 df p AIC BIC 
6
th
  Uni  131677.84     131677.84 132624.84 
 #1 129948.37 1729.47 60 <.0001 130294.37 131313.12 
7
th
  Uni  156822.59     157062.59 157769.23 
 #2  154774.30 2048.29 60 <.0001 155134.30 156194.26 
8
th
  Uni  148967.32     149207.32 149913.97 
 #3 147940.41 1026.91 60 <.0001 148300.41 149360.38 




Table 6.9 Chi-Square Change in the Bifactor Models by Six Benchmarks within Grades 
 
Grade Model -2logL χ
2
 df P AIC BIC 
6
th
  Uni  93699.82     93867.82 94362.47 
 #4 91786.99 1912.83 42 <.0001 92038.99 92780.97 
7
th
  Uni  81981.93     82105.93 82471.03 
 #5  81421.20 560.73 31 <.0001 81607.20 82154.85 
8
th
  Uni  95471.33     95623.33 96070.87 
 #6 93055.00 2416.33 38 <.0001 93283.00 93954.31 




All the chi-square changes in the three grades (χ
2
 = -2log Likelihood unidimensional – (-2log 
Likelihood bifactor)) were very significant, which supports that the general factor (i.e., 
mathematical competency) and the content-specific group factors (i.e., standards or 
benchmarks) exist in the tests of all the grades. 
Second, factor loadings of the six bifactor models were presented in Appendix C. 
All the items showed high factor loadings on the general factor in all grades, which 
strongly suggested the existence of a general factor in the mathematical achievement test 




factors such as items 15 through 19 and 67 on Standard 1, and items 41 through 50 and 
71 though 74 on Standard 3 in 6
th
 grade, which implied that the group factor was not 
independent of the general factor in such items.  
 
6.4 Study 1 Summary and Discussion 
First, there were two hypotheses regarding item difficulty as follows: 
Hypothesis 1. Difficulties of the four standards are in the following order: 
Standard 3 (Geometry) > Standard 2 (Algebra) > Standard 4 (Data) > Standard 1 
(Number and computation). * harder >easier 
Hypothesis 2. Difficulties of the six specific benchmarks are in the following 
order: Benchmark 3.4 (geometry from an algebraic perspective) > Benchmark 3.1 
(geometric figures and their properties) > Benchmark 2.2 (variables/equations and 
inequalities) > Benchmark 4.1 (probability) > Benchmark 1.4 (computation) > 
Benchmark 1.1 (number sense). * harder >easier 
Therefore Hypotheses #1 and #2 were not supported. However, Benchmark 3.1 
(geometric figures and their properties) seemed much more difficult than other 
benchmarks in 7
th
 grade although it was not statistically significant. As shown in Table 
5.10 (Indicators of the Benchmark 3.1 of Standard 3), Benchmark 3.1 in 7
th
 grade 




 grade. That 
is, it requires how to classify only triangles in 6
th
 grade, but how to identify angles and 
side properties of triangles and quadrilaterals in 7
th
 grade. In 8
th
 grade, it requires students 
to use simply Pythagorean theorem to solve application problems. It was speculated that 
the requirements of Benchmark 3.1 in 7
th




that the lack of impact on item difficulty could be due to selecting only easy items of this 
type for the test or heavy emphasis of the area in teaching.    
Second, there were two hypotheses regarding FICFA and its split loadings:  
Hypothesis 3. The four factor structure will be identified for each grade.  
Hypothesis 4. The FICFA model with split loadings fits the data better than the 
FICFA model without split loadings.  
Chi-square tests and fit indices supported the existence of the four-factor structure by the 
four standards in the mathematical achievement test in all the three grades. Hypothesis 4 
was well supported because the split loadings (involvement of items in multiple 
standards) were very significant in all grades. One interesting finding in the FICFA 
models with split loadings was that some items showed reversed factor patterns such as 
high loadings on the secondary factors and low loadings on the primary factors. The 
finding may suggest that these reversed factor loading patterns between primary and 
secondary factor may be due to the more difficult aspect of the secondary factor than the 
primary factor. 
Third, following was the hypothesis regarding bifactor model: 
Hypothesis 5. The bifactor structure which includes a general factor 
(mathematical competency) and content-specific group factors (four standards or six 
benchmarks) exists across the grades. 
Significant chi-square changes and high factor loadings of all the items on the general 
factor strongly supported the existence of a general factor in the mathematical 
achievement test in all grades. Therefore, Hypothesis 5 was supported. Additionally, 




which suggested that group factors were not independent of the general factor. In other 
words, the finding supported that the general factor was sufficient to account for the 




















7.1 Study 2 Purpose and Hypotheses 
7.1.1 Study 2 Purpose 
The main purpose of this study was to examine how middle school students 
change on mathematical achievement from 6
th
 grade to 8
th
 grade. Four standards and the 
six specific benchmarks (1.1, 1.4, 2.2, 3.1, 3.4, and 4.1) that were examined in Study 1 
were used for assessing the change. Based on Piaget‘s cognitive development stages, 6
th
 
graders can be in either concrete operational stage (from age 6 or 7 to age 11 or 12) or 




 graders should be in 
formal operational stage because the math achievement test in this study was 
administered at the end of every school year. In this longitudinal study, the middle school 
students‘ mathematical achievement changes were measured and analyzed using the 
perspective of the two cognitive development theories (Piaget‘s developmental stages and 
Vygotsky‘s social-cultural theory). Additionally, it was examined if gender and 
socioeconomic status (SES) affect the mathematical achievement in each grade and the 
changes over the three grades. A consistent association has been found between SES and 
mathematical Achievement over the years. SES may have many aspects of definition. 
National Mathematics Advisory Panel (NMAP; 2008) included parental education, 
poverty level, parental income, or a composite index to define SES. Therefore, SES 
differences may be used as a supporting evidence of the Vygotsky‘s theory that children 




 7.1.2 Study 2 Hypotheses 
First, Muzzatti and Agnoli (2007) claimed that the gender difference in children‘s 
mathematical performance was not biologically determined but socioculturally 
determined. They claimed that there was a gender difference in children‘s attitudes 
toward mathematics and the stereotype that boys were better than girls in mathematics 
limited the career chances in mathematics for females in the future. Actually, the gender 
difference in mathematics has long been an issue. Much research has been done on the 
issue and past studies have shown that males outperformed females in mathematical 
achievement (Hopkins, 2004). However, a majority of the current studies conclude that 
the gender gap in mathematics has been decreasing in recent decades and is now quite 
small (Fennema, 1996; Gray, 1996; Hanna, 2003; Leahy & Guo, 2001; Wellesley College, 
1992). Interestingly, girls even outperform boys in mathematics achievement at the 
elementary and middle school ages (Ansell & Doerr, 2000; Fennema, 1976; Friedman, 
1989; Sprigler & Alsup, 2003), but, at the high school ages, differences in mathematical 
performance tend to favor males in the widely used college entrance exams, the ACT and 
SAT (Hopkins, 2004). Ansell and Doerr (2000) reported that no statistically significant 
gender difference existed for overall average scores in the NAEP (National Assessment 
of Educational Progress) data, but males significantly outperformed females in 
measurement, geometry and spatial sense. Also, National Mathematics Advisory Panel 
(NMAP; 2008) reported that the average mathematical achievement of boys and girls 
showed very similar levels (in favor of boys) in large nationally representative samples.  
Second, it is also a well known issue that low SES is linked to poor mathematical 




achievement gaps between the high SES and low SES students existed regardless of race 
(Hopkins, 2004). Guo (1998) claimed that poverty has a significant negative effect on the 
cognitive development in childhood while it has an effect on achievement measures in 
adolescence. In some studies, it was suggested that a more important factor than SES is 
the home environment factor such as the number of stimulating toys, quality of child-  
parent relationship (Crane, 1996), inadequate social experiences and learning 
opportunities in academic achievement (NMAP, 2008).  
Third, most 6
th
 graders are 11 to 12 years old, thus 6
th
 grade students can be in 
either concrete operational (age 6 or 7 until age 11 or 12) stage or formal operational 
stage (age 11 or 12 through adulthood). In concrete operational stage, although they have 
advancements in reasoning, they seemed to deal with concrete observable objects only, 
thus still having limitation for applying their logical operations (Ormrod, 2008). However, 
when they enter formal operations stage, they are able to think and reason about things 
that have little or no basis in physical reality such as abstract concepts, hypothetical ideas, 





are in formal operations stage (age 11 or 12 through adulthood) because 7
th
 graders are 
normally 12 to 13 years old and 8
th
 graders are normally 13 to 14 years old. Therefore, it 
is expected that a significant change can be observed in the mathematical achievement 
between 6
th





As a result, following hypotheses were made regarding gender, SES, and age in 
mathematical achievement. Two contradictory hypotheses regarding the gender 




Hypothesis 6-a. There is no significant gender difference in mathematical 
achievement between female and male. 
Hypothesis 6-b. Males outperform females in the mathematical achievement test. 
Hypothesis 7.There is a significant SES difference in mathematical achievement. 
Hypothesis 8. There is a significant incremental difference in mathematical 
achievement between 6
th




); a quadratic 









 grade.  
To test these hypotheses, three models were used: full information CFA (FICFA) 
model, bifactor model, and MRMLC (Embretson, 1991). Although FICFA and bifactor 
model were not originally designed for a longitudinal study, it was explored how to apply 
these models to the longitudinal data in addition to MRMLC application. FICFA and 






 grades) instead 
of the four standards which were used as four factors in Study 1. In the FICFA model, the 
examinee competency levels ( ‘s) on the three occasions (6th, 7th, and 8th grades) were 
estimated. In a bifactor model, factor loadings on specific group factors may indicate the 
extent to which the group factors have effect on the general factor. Therefore, the factor 
loadings on the three time factors were estimated and compared to see which occasion 
had bigger effect on the general factor. Second, MRMLC is one of the available 
psychometric models for longitudinal studies of ability or measuring learning potential 
assessment. One important advantage of using MRMLC in this study is that this model 
was developed for situations in which items are not repeated as the data in this study, 




responses when items are repeated (von Davier & Xu, 2009). The simultaneous 
estimation of MRMLC parameters is available only recently as a generalized procedures 
for confirmatory multidimensional IRT models in IRTPRO was developed. 
 
7.2 Study 2 Method 
7.2.1 Subjects and Instruments 
Same mathematical achievement test data of same subjects as in Study 1 was used 
for this study. The four mathematical standards and the six specific benchmarks were 




 grade. The six specific 
benchmarks include Benchmarks 1.1 (number sense), 1.4 (computation), 2.2 
(variables/equations and inequalities), 3.1 (geometric figures and their properties), 3.4 
(geometry from an algebraic perspective), and 4.1 (probability). It should be noted that 
only items involving each standard and each benchmark was used for the analysis. 
Of the total 2667 students, 1360 (51%) were males and 1307 (49%) were females. For 
race, 1816 (68.1%) were Whites, 369 (13.8%) were Hispanics, 271 (10.2%) were African 
Americans, and 211 (7.9%) were others (Asians, Native American, multi and missing). 
With regard to the national school lunch program, 1580 (59.2%) paid regular prices for 
lunch and 1087 (41.7%) students were provided free or reduced price lunch. Of the 
regular price lunch group, 1325 (84%) were Whites, 79 (5%) were Hispanics, 66 (4%) 
were African Americans, and 110(7%) were others (Asians, American Indians, and multi 
or missing). Of the free and reduced price lunch group, 491 (45%) were Whites, 290 
(27%) were Hispanics, 205 (19%) were African Americans, and 101 (9%) were others. 




tabulations of gender   school lunch program and race   school lunch program are 
provided in Appendix D. For the SES group classification, school lunch program 
information was used. Students were classified into two SES groups: (1) regular price 




Figure 7.1 Proportions of Races in the Regular Price Lunch Group and Free/Reduced 




7.2.2 Study 2 Procedure 
All the analyses in this study (FICFA, bifactor, and MRMLC analyses) were 

































were not originally designed for measuring the ability changes over time, it was explored 
how to apply the models to the longitudinal data in addition to MRMLC application. 
 
7.2.2.1 Study 2-1 Procedure: FICFA and Bifactor Analysis and by Time Factors  






 grades) were 
tested for each of the ten contents (4 standards and 6 benchmarks) as shown in Table 7.1. 
Note that each model includes only items involving the corresponding content, thus 
having a different number of items in it. Same content and data were used for the ten 










 grade)  
 
Model Content Data 
#1 Standards 1 50  Items involving Standard 1 of all grades 
#2 Standards 2 41  Items involving Standard 2 of all grades 
#3 Standards 3 51  Items involving Standard 3 of all grades 
#4 Standards 4 38  Items involving Standard 4 of all grades 
#5 Benchmark 1.1 14  Items involving Benchmark 1.1 of all grades 
#6 Benchmark 1.4 24  Items involving Benchmark 1.4 of all grades 
#7 Benchmark 2.2 25  Items involving Benchmark 2.2 of all grades 
#8 Benchmark 3.1 15  Items involving Benchmark 3.1 of all grades 













First, in the FICFA model (see Figure 7.2-A), each factor was regarded as the 







Examinees‘ competency levels ( ‘s) on each occasion was estimated using 2-PLM.
 
It 




examinee but the relative competency level in its grade only since it is the repeated 
measured longitudinal data. Therefore, the result provided the information regarding the 
relative mathematical achievement change across the three grades. On each occasion of 




                             
      (A)                                                                     (B)  
 




Second, in the bifactor model, the general factor can be counted as the overall 
competency of the content while the group factor may represent the unique competency 






 grade). The bifactor model was 
graphically presented in Figure 7.2-B. It was assumed that the three time factors were 
uncorrelated with each other according to the constrain of the bifactor model. Factor 
loadings on the time-specific factors were examined to see which occasion had bigger 













7.2.2.2 Study 2-2 Procedure: MRMLC Analysis   
MRMLC (Embretson, 1991) is a longitudinal psychometric model which is appropriate 
for measuring learning and change over occasions. Therefore, in this study, MRMLC was 




 grade. (see Table 
7.2). The four standards and the four specific benchmarks were used as a dependent 
variable of each MRMLC model in Table 7.2. 
 
 




 grade  
 
MRMLC Content Data 
#1 Standards 1 50  Items involving Standard 1 of all grades  
#2 Standards 2 41  Items involving Standard 2 of all grades 
#3 Standards 3 51  Items involving Standard 3 of all grades 
#4 Standards 4 38  Items involving Standard 4 of all grades 
#5 Benchmark 1.1 14  Items involving Benchmark 1.1 of all grades 
#6 Benchmark 1.4 24  Items involving Benchmark 1.4 of all grades 
#7 Benchmark 2.2 25  Items involving Benchmark 2.2 of all grades 
#8 Benchmark 3.1 15  Items involving Benchmark 3.1 of all grades 













MRMLC uses a Wiener process structure which includes the initial trait level and 
one or more modifiability. In the Wiener process structure, each new occasion involves a 
new dimension and MRMLC treats modifiability as separate dimensions. For the 






 grade) in this study, the Wiener 
process structure can be designed as in Table 7.3. 
 
In this table, the columns represent dimensions of trait levels and the rows 
represent the occasions under which items are observed; 60items for 6
th
 grade, 60 items 
for 7
th
 grade, and 60 items for 8
th




particular dimension is involved in performance, while ‗0‘ denotes the condition in which 
a particular dimension is not involved in performance. The initial trait level (θ1) is 
involved in all occasions. The second trait level (θ2) is a modifiability that represents the 
change from 6
th
 grade to 7
th
 grade. The third trait level (θ3) is a modifiability that 
represents the change from 7
th
 grade to 8
th







 grade will be represented by θ1, θ1+ θ2, and θ1 + θ2 + θ3, respectively. It 
should be noted that since the item difficulty, bi, in MRMLC (see Equation 4.13) is 
assumed to remain constant across occasions, a positive modifiability indicates 






















1 0 0 
7th grade 
(60 items) 
1 1 0 
8th grade 
(60 items) 




Then, a repeated-measures ANOVA was conducted to test the significance of the 
mathematical achievement change. For a significant change, ANOVA contrast was 
performed to find where a significant change exists among the three grades. The Helmert 
contrast in which each level (i.e., grade) was compared to the mean of the subsequent 






7.3 Study 2 Results 
7.3.1 Study 2-1: FICFA and Bifactor Analysis by Time Factor 
First, the descriptive statistics of the   estimates on the three occasions (6th, 7th, 
and 8
th
 grade) in the FICFA model were reported for each content in Table 7.4. It should 
be noted that the estimated mean   in this table is a relative competency level in each 
grade, thus it cannot be used for measuring the true competency level changes over the 
three grades. As shown in Table 7.4, 6
th
 graders showed the better performance in 
Standards 1 (Number and Computation) and 4 (Data) than in the other standards. They 





graders greatly improved the competency in Algebra, but showed the lower achievement 
in Standards 1 and 4 in their grade levels. 
  
 









 M SD M SD M SD 
Standard 1 0.325 0.681 0.179 0.629 0.136 0.708 
Standard 2 0.134 0.713 0.301 0.465 0.300 0.464 
Standard 3 0.303 0.813 0.284 0.597 0.300 0.556 
Standard 4 0.381 0.731 0.201 0.641 0.168 0.702 
Benchmark 1.1 0.224 0.705 0.138 0.681 0.125 0.609 
Benchmark 1.4 0.374 0.633 0.135 0.592 0.138 0.607 
Benchmark 2.2 0.180 0.705 0.055 0.781 0.105 0.666 
Benchmark 3.1 0.215 0.762 0.382 0.539 0.292 0.594 
Benchmark 3.4 0.194 0.705 . . -0.083 0.765 




Second, significant differences (     ) in mathematical achievement were 




For gender, females performed better than males in Standard 4 (Data) in 6
th
 grade, F(1, 





), F(1, 2665) =1.62, p=.203 and F(1, 2665) =2.85, p=.091, respectively. In 6
th
 grade, 
males outperformed females in Benchmarks 1.1 (number sense), F(1, 2665) =12.80, 
p=.000, Benchmark 1.4 (computation), F(1, 2665) =14.34, p=.000,  Benchmark 2.2 
(variables, equations, and inequalities), F(1, 2665) =11.19, p=.001, and Benchmark 3.1 





 grade, the differences in these four benchmarks became non-significant except 





grade, F(1, 2665) =7.81, p=.005 and F(1, 2665) =17.29, p=.000, respectively. It was also 





 grade, F(1, 2665) =11.50, p=.001 and F(1, 2665) =9.82, p=.002, respectively, 
although both genders had no difference at 6
th
 grade, F(1, 2665) =.89, p=.345. Finally, 
Males outperformed females in Standard 2 (Algebra) at 8
th
 grade, F(1, 2665) =10.08, 




 grade. To sum up, it appeared that 
males performed better in Numbers and Computation and Algebra while females 




 grade, the gender 
differences became less significant. This finding was consistent with the previous finding 
in some studies that girls outperformed boys at the middle school ages but, boys began 
excelling at the high school ages and outperformed in the college entrance exams such as 

















Content Gender SES gender SES Gender SES 
Standard 1 M=F Reg>F/R M=F Reg>F/R M=F Reg>F/R 
Standard 2 M=F Reg>F/R M=F Reg>F/R M>F Reg>F/R 
Standard 3 M=F Reg>F/R M<F Reg>F/R M<F Reg>F/R 
Standard 4 M<F Reg>F/R M=F Reg>F/R M=F Reg>F/R 
Benchmark 1.1 M>F Reg>F/R M=F Reg>F/R M=F Reg>F/R 
Benchmark 1.4 M>F Reg>F/R M=F Reg>F/R M=F Reg>F/R 
Benchmark 2.2 M>F Reg>F/R M=F Reg>F/R M=F Reg>F/R 
Benchmark 3.1 M>F Reg>F/R M<F Reg>F/R M<F Reg>F/R 
Benchmark 3.4 M=F Reg>F/R . . M=F Reg>F/R 
Benchmark 4.1 M<F Reg>F/R . . M=F Reg>F/R 
Note. M(male), F(female), Reg(regular price lunch), F/R(free/reduced price lunch), 




For SES, students with regular price lunch (Reg) performed significantly better 
than students with free/reduced price (F/R) in all the contents and grade levels (p < .001). 
It was an interesting finding that students with regular price lunch group students 
performed always better than students with free lunch or reduced priced lunch in all the 
contents. The result strongly supported the well-known fact that low SES students have 
low mathematical achievement. 







grades) were provided for the content in Table 7.6. All the loadings on the 
general factor were relatively strong in all the models, which indicated that all the test 
items commonly represented a general factor (i.e., overall competency of the content 
beyond the occasions). However, the loadings on the specific time factors (three grades 





















Standard 1 0.529 0.224 0.153 0.157 
Standard 2 0.568 0.285 0.189 0.155 
Standard 3 0.525 0.014 0.276 0.360 
Standard 4 0.554 0.390 0.219 0.049 
Benchmark 1.1 0.535 0.312 0.365 0.166 
Benchmark 1.4 0.539 0.190 0.196 0.254 
Benchmark 2.2 0.576 0.278 0.225 0.194 
Benchmark 3.1 0.521 0.442 0.093 0.478 
Benchmark 3.4 0.532 0.662 . -0.006 




In Standards 1 (Numbers and Computation), 2 (Algebra), and 4 (Data) and 
Benchmarks 2.2 (variables, equations, and inequalities), 3.4 (geometry from an algebraic 
perspective), and 4.1 (probability), the loadings on 6
th
 grade were higher than the 
loadings on the other grades, which suggests that the competency level on 6
th
 grade had 
strongest effect on the overall competency level in these contents. The finding may be 
explained by the proposition, as mentioned earlier, that children develop their central 
conceptual structure for number until ten years old (Case, 1985). 
On the other hand, in Standard 3 (Geometry), the time factor loadings became 
bigger for the higher grade levels, which may imply that 8
th
 grade was the most important 
occasion to obtain the specific competency in geometry. The finding supported the 
previous hypotheses regarding geometry. As mentioned earlier, Tatsuoka et al. (2004) 
maintained that the success in geometry was highly associated with logical reasoning and 
other mathematical thinking skills. Ormrod (2008) claimed that children in concrete 




inferred that many mathematical skills obtained during the three grades including logical 
reasoning are needed in order to improve the geometry competency. However, in 
Benchmarks 3.4 and 4.1, nearly zero factor loadings were observed on 8
th
 grade, which 
may suggest that the most competency level of these two contents can be obtained in 6
th
 
grade. Overall, the different patterns of loadings on the three time factor showed the 
distinctiveness of the different contents in the contribution of the three grade levels on the 
overall competency level.  
 
7.3.2 Study 2-2: MRMLC Analysis 
Table 7.7 presents the average trait level at 6
th
 grade )( 1 , modifiabilities at 7
th
 
( 2 ) and 8
th




 grade for each content. As 




 grade can be obtained by        and 
        , respectively. Repeated-measures ANOVA‘s indicated that the trait levels 
in the three grades were significantly different (p = .000) for all the four standards and the 
six benchmarks. The Helmert contrasts indicated that the difference between 6
th
 grade 














 grades were not significant in some contents for some SES groups, especially, 





 grade for each of the four subgroups (Female, Male, regular price lunch, and 





























)( 21   




)( 321   
Standard 1 0.210 0.887 0.076 1.097 1.173 
Standard 2 0.252 0.872 0.128 1.125 1.253 
Standard 3 0.143 0.643 0.520 0.786 1.306 
Standard 4 0.536 0.266 0.229 0.802 1.031 
Benchmark 1.1 0.185 0.609 0.277 0.794 0.918 
Benchmark 1.4 0.121 0.209 0.224 0.330 0.554 
Benchmark 2.2 0.179 0.996 0.166 1.175 1.340 
Benchmark 3.1 0.167 0.623 0.147 0.791 0.938 
Benchmark 3.4 0.286 . 0.648 . 0.934 




7.3.2.1 Standard 1 
For overall data in Standard 1 (Number and Computation), the two Helmert 
contrasts were significant: (1) 6
th
 grade versus later [F (1,2666) = 2282.17, p = .000,   
  




 grade [F (1,2666) = 46.24, p = .000,   
  = .017]. Also the 
two contrasts were also significant (p = .000) for male, female, and regular price-lunch 




) was not significant for the free and 
reduced price-lunch group, F(1,1086) = 0.923, p = .337,   
  = .001, which indicated that 
there was no improvement at 8
th
 grade for the low SES group. Thus, no gender difference 
but a SES difference was found in the achievement change of number and computation. 
The significance test results of the two contrasts and the achievement changes over the 










 grade in 
Standard 1 
 









  F(1,2666) = 46.239 p = .000 .017 
Female 6
th





  F(1,1359) = 17.046 p = .000 .012 
Male 6
th





  F(1,1306) = 22.986 p = .000 .022 
Regular 6
th





  F(1,1579) = 87.425 p = .000 .052 
Free/Reduced 6
th















 Grade in Standard 1 for Overall, Female, 




grade 6 grade 7 grade 8
overall 0.20960 1.09650 1.17278
female 0.19769 1.13742 1.20101
male 0.22199 1.05393 1.14339
regular 0.44701 1.36799 1.50765











7.3.2.2 Standard 2 
For the achievement change in Standard 2 (Algebra), the two Helmert contrasts 
were significant in the overall data: (1) 6
th
 grade versus later [F (1,2666) = 3824.30, p 
= .000,   




 grade [F (1,2666) = 157.45, p = .000,   
  = .056]. 
Also, for all the four subgroups (male, female, regular price lunch, free/reduced price 
lunch), the two contrasts were significant, which indicated that the algebra achievement 




 grade in all groups. Therefore, there was no 
gender and SES difference found in the achievement change in algebra. Table 7.9 and 
Figure 7.4 presents the significance test results of the two contrasts and the achievement 
changes for the five groups. 
 
 




 grade in 
Standard 2 
 









  F(1,2666) = 157.449 p = .000 .056 
Female 6
th





  F(1,1359) = 77.921 p = .000 .054 
Male 6
th





  F(1,1306) = 79.505 p = .000 .057 
Regular 6
th





  F(1,1579) = 173.250 p = .000 .099 
Free/Reduced  6
th





  F(1,1086) = 14.097 p = .001 .013 













 Grade in Standard 2 for Overall, Female, 




7.3.2.3 Standard 3 
In Standard 3 (Geometry), a clear linear trend in the achievement changes over 
the three grades was found for overall data, F (1,2666) = 4592.66, p = .000,   
  = .633 as 
well as for the four subgroups (male, female, regular price lunch, free/reduced price 
lunch). Also, the two Helmert contrasts (6
th




 grade) were 
significant for overall data and the four subgroups.  Therefore, neither gender difference 
nor SES difference was found in the achievement changes in geometry. The significance 
test results of the two contrasts and the achievement changes over the three grades for 
each of the five groups are presented in Table 7.10 and Figure 7.5. 
 
grade 6 grade 7 grade 8
overall 0.25239 1.12480 1.25288
female 0.26702 1.19662 1.32279
male 0.23717 1.05007 1.18014
regular 0.46067 1.40197 1.57798















 grade in 
Standard 3 
 









  F(1,2666) = 2073.201 p = .000 .437 
Female 6
th





  F(1,1359) = 1026.182 p = .000 .430 
Male 6
th





  F(1,1306) = 1047.407 p = .000 .445 
Regular 6
th





  F(1,1579) = 145.322 p = .000 .480 
Free/Reduced 6
th















 Grade in Standard 3 for Overall, Female, 








overall 0.14309 0.78610 1.30563
female 0.16966 0.85326 1.35925
male 0.11543 0.71622 1.24984
regular 0.32577 1.05145 1.62304











7.3.2.4 Standard 4 
The two Helmert contrasts (6
th




) in Standard 4 (Data) 
were significant for the overall data, F (1,2666) = 690.86, p = .000,   
  = .206 and F 
(1,2666) = 331.50, p = .000,   
  = .111, respectively. There was no difference for gender 
and the SES groups in the achievement changes over the three grades as shown in Table 
7.11. As in the other standards, the achievement levels of the overall data, females and 
males were very similar in the three grades while the regular price lunch group was the 
highest and the free/reduced price lunch group was the lowest in those values as shown in 
Figure 7.6.  
 
 




 grade in 
Standard 4 
 









  F(1,2666) = 331.496 p = .000 .111 
Female 6
th





  F(1,1359) = 176.391 p = .000 .115 
Male 6
th





  F(1,1306) = 156.131 p = .000 .107 
Regular 6
th





  F(1,1579) = 386.710 p = .000 .197 
Free/Reduced 6
th


















 Grade in Standard 4 for Overall, Female, 





7.3.2.5 Benchmark 1.1 









 grade, F (1,2666) = 3433.853, p 
= .000,   
  = .563 for 6
th
 grade versus later and F (1,2666) = 121.283, p = .000,   





 grade. No gender nor SES difference was found in the achievement 
changes over the three grades. Table 7.12 and Figure 7.7 present the significance test 





overall 0.53600 0.80199 1.03136
female 0.58462 0.80792 1.03336
male 0.48557 0.79583 1.02928
regular 0.71191 0.96563 1.29183















 grade in  
Benchmark 1.1 
 









  F(1,2666) = 121.283 p = .000 .044 
Female 6
th





  F(1,1359) = 44.421 p = .000 .032 
Male 6
th





  F(1,1306) = 82.057 p = .000 .059 
Regular 6
th





  F(1,1579) = 74.639 p = .000 .045 
Free/Reduced 6
th















 Grade in Benchmark 1.1 for Overall, 






overall 0.18453 0.79377 0.91828
female 0.15997 0.79704 0.90683
male 0.21010 0.79038 0.93020
regular 0.32782 1.01231 1.13205











7.3.2.6 Benchmark 1.4 
The two contrasts results in Benchmark 1.4 (computation) were presented in 
Table 7.13 and Figure 7.7 for each group. The achievement changes over the three grades 
in Benchmark 1.4 showed a clear linear trend for all the groups. For the overall data, the 
two contrasts were significant: (1) 6
th
 grade versus later [F (1,2666) = 1166.96, p = .000, 
  




 grade [F (1,2666) = 573.16, p = .000,   
  = .177]. Both 
contrasts  were also significant for all the four subgroups as presented in Table 7.13. 
Therefore, it can be concluded that there was neither gender nor SES difference in the 
pattern of the achievement changes over the three grades as shown in Figure 7.8. 
 
 




 grade in 
Benchmark 1.4 
 









  F(1,2666) = 573.158 p = .000 .177 
Female 6
th





  F(1,1359) = 294.409 p = .000 .178 
Male 6
th





  F(1,1306) = 278.586 p = .000 .176 
Regular 6
th





  F(1,1579) = 539.412 p = .000 .255 
Free/Reduced 6
th


















 Grade in Benchmark 1.4 for Overall, 




7.3.2.7 Benchmark 2.2 
In Benchmark 2.2 (variables, equations, and inequalities), the two contrasts (6
th
 




) were significant for the overall data, F (1,2666) = 5773.58, 
p = .000,   
  = .684 and F (1,2666) = 231.25, p = .000,   
  = .08, respectively, as well as 





 grade) showed a relatively small effect size (  
  = .005) for the free/reduced 
price lunch group. The contrasts result for all the five categories of data were shown in 





overall 0.12129 0.33010 0.55385
female 0.13992 0.34492 0.57184
male 0.10191 0.31468 0.53512
regular 0.31548 0.57982 0.86360















 grade in 
Benchmark 2.2 
 









  F(1,2666) = 231.252 p = .000 .080 
Female 6
th





  F(1,1359) = 109.514 p = .000 .075 
Male 6
th





  F(1,1306) = 122.140 p = .000 .086 
Regular 6
th





  F(1,1579) = 285.318 p = .000 .153 
Free/Reduced 6
th





  F(1,1086) = 11.193 p = .001 .010 
 









 Grade in Benchmark 2.2 for Overall, 






overall 0.17889 1.17450 1.34022
female 0.19118 1.23281 1.39379
male 0.16610 1.11379 1.28449
regular 0.36693 1.41920 1.66186











7.3.2.8 Benchmark 3.1 
For all the groups except the free/reduced price lunch group, the two contrasts (6
th
 




) in Benchmark 3.1 (geometric figures and their properties) 
were significant as shown in Table 7.15. For the free/reduced price lunch group, the 




 grades showed statistically no difference, 
F(1,1086) = 1.20, p = .274, and ,   
  = .001. As shown in Figure 7.10, there was no 
improvement in the achievement in Benchmark 3.1 at 8
th
 grade for this group. This 
finding was inconsistent with the result of Standard 2 in which all the groups including 
the free/reduced price lunch group showed a clear linear trend in the achievement 
changes over the three grades. It was speculated that the relatively high difficulty of 
Benchmark 3.1 as shown in Figure 6.4 (average p-values in 8
th
 grade) may have caused 
the insignificant change at 8
th
 grade for the low SES group. 
 
 





about Benchmark 3.1 
 









  F(1,2666) = 231.252 p = .000 .080 
Female 6
th





  F(1,1359) = 133.855 p = .000 .090 
Male 6
th





  F(1,1306) = 37.834 p = .000 .028 
Regular 6
th





  F(1,1579) = 257.863 p = .000 .140 
Free/Reduced 6
th


















 Grade in Benchmark 3.1for Overall, 




7.3.2.9 Benchmark 3.4 









 grade was very significant for 
all the groups as shown in Table 7.16 and Figure 7.11. The result was consistent with the 
result of Standard 3 where the achievement changes over the grades were significant for 
all the groups. There was neither gender nor SES difference for the achievement change. 
As in the other contents, the regular price lunch group showed the highest achievement 





overall 0.16721 0.79050 0.93779
female 0.15859 0.80497 0.99164
male 0.17617 0.77544 0.88176
regular 0.27152 0.97039 1.20455
















about Benchmark 3.4 
 




































 Grade in Benchmark 3.4 for Overall, 




7.3.2.10 Benchmark 4.1 









 grade was very significant for all the 

















of Standard 4 in which the achievement changes over the three grades were significant 
and no group difference was found in the achievement change.  
 
 





about Benchmark 4.1 
 




































 Grade in Benchmark 4.1 for Overall, 




















7.4 Study 2 Summary and Discussion 
First, there were two contradictory hypotheses regarding the gender difference in 
mathematical achievement:  
Hypothesis 6-a. There is no significant gender difference in mathematical 
achievement between female and male.  
Hypothesis 6-b. Males outperform females in the mathematical achievement test. 







in the FICFA models in Study 2.1, a gender difference was found in some mathematical 
contents. In Standard 4 (Data), females outperformed males at 6
th
 grade although no 




 grade. On the other hand, in four out of the six 
benchmarks, such as Benchmarks 1.1 (number sense), Benchmark 1.4 (computation), 
Benchmark 2.2 (variables, equations, and inequalities), and Benchmark 3.1 (geometric 
figures and their properties), males outperformed females in 6
th





 grade, no more gender difference was found except Benchmark 3.1. For Benchmark 




 grade. Consistently with the 





 grade. Additionally, males outperformed females in Standard 2 (Algebra) at 8
th
 




 grade. Therefore, hypothesis 6-a was 





 grade. However, hypothesis 6-b was not supported well by the 
findings because boys and girls outperformed each other in some content areas; boys 










Second, one hypothesis exists regarding the SES factor on mathematical 
achievement: 
Hypothesis 7.There is a significant SES difference in mathematical achievement.  
In the competency level estimates by the FICFA models, a significant difference 
between the two SES groups was found in all the contents and occasions; the regular 
price lunch group outperformed the free/reduced price lunch group (low SES). The 
finding strongly supported Hypothesis 7 as well as the previous study results that low 
SES was linked to poor mathematical achievement. According to National Mathematics 
Advisory Panel (2008), SES is a potential source of the mathematical achievement gap. 
The conventional explanation for poor mathematical achievement for low SES students 
was the home environment factor such as quality of child-parent relationship, inadequate 
social experiences and learning opportunities (Crane, 1996; NMAP, 2008).  
Third, like the FICFA model, it was explored how to apply a bifactor model to a 






 grade). It was found that the 
loadings of all the items on the general factor (overall competency level of the content) 
were high, which indicated that all the test items well represented the general factor. 
However, the loadings on the three time factors showed different patterns in size 
depending on the mathematical contents. In some contents (Standard 1, 2, 4 and 
Benchmarks 2.2, 3.4, 4.1), 6
th
 grade had higher factor loadings than 7
th
 and 8th grades, 
which may suggest that these contents are more specific to 6
th
 grade than the other grades. 




conceptual structure of number by ten years old (Case, 1985). On the other hand, in 
Standard 3 (Geometry), the time factor loadings were highest in 8
th
 grade, which may 
imply that this content is more specific to 8
th
 grade than the other grades, thus, the 
correlations between the Geometry items were largely accounted for by the 8
th
 grade-
factor. Interestingly, the finding supported the previous study result that the success in 
geometry was highly associated with logical reasoning and other mathematical skills 





grade). In conclusion, the different patterns of the three time factor loadings in each 
mathematical content may reflect the distinctiveness of the content regarding which grade 
level have bigger impact on the overall competency.  
 Finally, there was one primary hypothesis regarding the mathematical 





Hypothesis 8. There is a significant incremental difference in mathematical 
achievement between 6
th




); a quadratic 









 grade.  
MRMLC estimates showed a significant achievement change between 6
th
 and the 




) in all the contents (four standards and six benchmarks) 




 grade, a significant change was also 
found in all the contents for both genders and the regular price lunch group. However, for 
the free/reduced price lunch group (low SES), the change was not significant in some 
contents. Table 7.18 provides the summary of the mathematical achievement change over 




Table 7.18, the low SES group of students failed to improve their achievement at 8
th
 
grade in Standard 1 (Number and Computation) and Benchmark 3.1 (geometric figures 
and their properties).  
 
 




 grade for 
Each Group 
 




Standards 1 6<7<8 6<7<8 6<7<8 6<7<8 6<7=8 
Standards 2 6<7<8 6<7<8 6<7<8 6<7<8 6<7<8 
Standards 3 6<7<8 6<7<8 6<7<8 6<7<8 6<7<8 
Standards 4 6<7<8 6<7<8 6<7<8 6<7<8 6<7,8 
Benchmark 1.1 6<7<8 6<7<8 6<7<8 6<7<8 6<7<8 
Benchmark 1.4 6<7<8 6<7<8 6<7<8 6<7<8 6<7<8 
Benchmark 2.2 6<7<8 6<7<8 6<7<8 6<7<8 6<7<8 
Benchmark 3.1 6<7<8 6<7<8 6<7<8 6<7<8 6<7=8 
Benchmark 3.4 6<8 6<8 6<8 6<8 6<8 
Benchmark 4.1 6<8 6<8 6<8 6<8 6<8 




The main focus of this study was on examining how middle school students‘ 
mathematical achievement changes from 6
th
 grade to 8
th
 grade. The largest growth 
occurred from Grade 6 to Grade 7. The specific pattern of growth varied substantially by 
the socio-economic status of the student but few differences emerged by gender. 









8.1 Summary and Findings 
The importance of mathematics will continue to increase as development of more 
advanced technology is needed in the future. Mathematical achievement tests are 
universally applied throughout schooling in the U.S. to assess yearly progress. The 
middle school years (e.g., Grade 6-Grade 8) are especially crucial to success in 
mathematics because students must acquire the skills needed in Algebra and higher levels 
of mathematics (NMAP, 2008). The middle school years are also important 
developmentally because complex reasoning also emerges based on the developmental 
perspectives on cognition (e.g., Piaget, Vygotsky). Piaget insisted that children cannot 
learn from an experience until they have begun the transition into a stage that allows 
them to deal with and conceptualize that experience appropriately. Vygotsky‘s concept 
was that children can be improved when they have the assistance of the more advanced 
and competent people than themselves.  
The purpose of the current study was to measure and interpret the mathematical 
achievement and the growth during the middle school years. According to many 
perspectives, the best design for studying the achievement change is a longitudinal study 
of representative samples of children. Until recently, however, inferences from such data 
were limited by the previous psychometric methods that were impractical to apply to 
large numbers of items and examinees. Therefore, some very recent advances in item 




inference about growth. For the current study, item responses to mathematical 
achievement tests administered during the middle school years were available for a 
randomly selected sample of 2,667 students in a Midwestern state.  
This study had two parts: Study 1(analysis of item difficulty and factor structure) 
and study 2 (measuring mathematical achievement change). Study 1 consisted of Study 
1-1(item difficulty), Study 1-2 (full information confirmatory factor analysis), and Study 
1-3 (bifactor analysis by content). Study 2 (measuring mathematical achievement change) 
included Study 2-1(FICFA and bifactor analysis and by time factors) and Study 2-2 
(MRMLC analysis). 
Study 1 was an initial step to examine the general properties of the mathematical 
achievement test such as item difficulties and the factor structure. Study 1-1 was 
conducted to estimate item difficulty of the four standards and the six benchmarks, 
testing hypotheses #1 and #2:  
Hypothesis 1. Difficulties of the four standards are in the following order: 
Standard 3 (Geometry) > Standard 2 (Algebra) > Standard 4 (Data) > Standard 1 
(Number and computation).  
Hypothesis 1 was not supported because the standards‘ difficulties were not significantly 
different within grades.  
Hypothesis 2. Difficulties of the six specific benchmarks are in the following 
order: Benchmark 3.4 (geometry from an algebraic perspective) > Benchmark 3.1 
(geometric figures and their properties) > Benchmark 2.2 (variables/equations and 
inequalities) > Benchmark 4.1 (probability) > Benchmark 1.4 (computation) > 




Hypothesis 2 was not supported because the benchmarks‘ difficulties were not 
significantly different within grades either.  
In Study 1-2, the FICFA was conducted to test hypotheses #3 and #4: 
Hypothesis 3. The four factor structure will be identified for each grade. 
Hypothesis 3 was well supported because chi-square tests and fit indices indicated the 
existence of the four-factor structure by the four standards in the mathematical 
achievement test in all the three grades.  
Hypothesis 4. The FICFA model with split loadings fits the data better than the 
FICFA model without split loadings.  
Hypothesis 4 was well supported because the split loadings (involvement of items in 
multiple standards) were very significant in all the grades.  
In Study 1-3, bifactor analysis was conducted to test hypothesis #5:  
Hypothesis 5. The bifactor structure which includes a general factor 
(mathematical competency) and content-specific group factors (four standards or six 
benchmarks) exists across the grades.  
Hypothesis 5 was supported well by the significant chi-square changes and high factor 
loadings of all the items on the general factor, which strongly supported the existence of a 
general factor in the mathematical achievement test in all the grades.  
 Study 2 was a primary study to measure and interpret the mathematical 
achievement and the growth during the middle school years. Growth in mathematical 
achievement was studied in the ten areas covered by the four standards (Number, Algebra, 
Geometry, and Data) and the six specific benchmarks. Differences in growth were also 




often been found important in careers that involve mathematics. In Study 2-1, FICFA and 
bifactor analysis using three time factors (Grades 6, 7, and 8) were conducted, testing 
hypotheses #6 and #7. Two contradictory hypotheses regarding the gender difference 
were tested as follows:  
Hypothesis 6-a. There is no significant gender difference in mathematical 
Achievement. 
 Hypothesis 6-b. Males outperform females in the mathematical achievement test. 
Hypothesis 6-a was generally supported because no gender difference was found in most 




 grade. However, hypothesis 6-b was not 
supported by the findings because boys and girls outperformed each other in some 
content areas; boys seemed to outperform in numbers/computation and algebra while 
girls seemed to do better in data and geometry in general. Again, most gender gaps 




 grade.  
Hypothesis 7.There is a significant SES difference in mathematical achievement. 
The finding strongly supported Hypothesis 7. A significant difference between the two 
SES groups was found in all the contents and all the three grades; students of the regular 
price lunch group performed significantly better than students of the free/reduced price 
lunch group. The finding also supported the results of many previous study results that 
low SES was linked to poor mathematical achievement.  
In Study 2-2, multidimensional Rasch model for learning and change (MRMLC) 
analysis was conducted to measure students‘ mathematical achievement levels and the 




Hypothesis 8. There is a significant incremental difference in mathematical 
achievement between 6
th




); a quadratic 









 grade.  
The result in this study partly supported Hypothesis 8 because a significant 




 in all the mathematical 
contents (four standards and six benchmarks) regardless of gender and SES (free/reduced 




 grade was also 
significant for all the groups except the low SES students in two areas (Standard 1 and 
Benchmark 3.1).  
 
8.2 Discussion 
First, Piaget‘s perspective of developmental stages was partly supported by the 




 grade; some contents (Standard 1 and Benchmark 3.1) 




 grade. As mentioned in Chapter 7, it was assumed 
that 6
th





 graders were in formal operational stage (age 11 or 12 and up) in this study. The 
largest growth from Grade 6 to Grade 7 in many content areas (i.e., Standards 1 and 2, 
Benchmarks 1.1, 2.2, and 3.1) seemed to reflect well the change from concrete 
operational stage to formal operational stage. However, a strong linear trend in the 
growth from Grade 6 through 8 was found in a few content areas (Standards 3 and 4, 
Benchmarks 1.4). The four benchmarks (1.1, 1.4, 2.2, and 3.1) were very useful for 




applied for all the three grades. Notice that the requirement (indicators) of a benchmark 
becomes more cognitively complex for higher grades. For example, in regard to 
Benchmark 1.1 (number sense), student should be able to demonstrate number sense for 
rational numbers (at 6
th
 grade), irrational number pi (at 7
th
 grade), and real numbers (at 8
th
 
grade) and simple algebraic expressions in one variable in a variety of situations. As 
elaborated in Chapter 2, when children enter formal operations stage, they become able to 
think and reason about abstract concepts, hypothetical ideas, and contrary-to-fact 
statements (Ormrod, 2008). Irrational numbers and real numbers may be abstract 
concepts in mathematics compared with rational numbers. Therefore, it appears that the 
indicators of the benchmarks were developed based on cognitive developmental stages of 
students and the result of study 2-2 supports the Piaget‘s developmental stages (concrete 
operational and formal operational stages) in three of the four benchmarks (1.1, 2.2, and 
3.1). 
Second, based on Vygotsky‘s theory, children can accomplish more difficult tasks 
when they have the assistance of people more advanced and competent than themselves. 
Also, consistent association has been found between SES and mathematical achievement 
in many studies over the years. The result of the current study support Vygotsky‘s view 
by the finding that the low SES group (free/reduced lunch students) underperformed the 
higher SES group (regular lunch students) in all the mathematical contents and the 
growth from grade 7 to grade 8 was not significant only for the low SES group in some 
contents (Standard 1 and Benchmark 3.1). As a result, it appeared that SES was a primary 




advanced metacognitive knowledge and skills about mathematics based on Vygotsky‘s 
social-cultural theories, their mathematical achievement could be significantly improved.  
Therefore, the result of this study can be better explained by both theories: Piaget‘s 
developmental stages and Vygotsky‘s social-cultural theory.  
 
8.3 Limitations and Future Study 
For the SES group classification, only school lunch program information was 
used in this study. However, SES has many definitions including parental education, 
poverty level, parental income, or a composite index (NMAP, 2008). In some studies, it 
was suggested that home environment factors are more important than SES such as the 
number of stimulating toys, quality of child- parent relationship (Crane, 1996), 
inadequate social experiences and learning opportunities in academic achievement 
(NMAP, 2008). Thus, more factors need to be included to explain students‘ mathematical 
achievement in future study.  
Also, it would be interesting to examine which factor is stronger factor for the 
achievement differences between race and SES. Of the total 2667 students, 1580 (59.2%) 
were the regular price-lunch group and 1087 (41.7%) were the free/ reduced price-lunch 
group. However, of the regular price-lunch group, 1325 (84%) were Whites, 79 (5%) 
were Hispanics, and 66 (4%) were African Americans. In the free and reduced price 
lunch group, 491 (45%) were Whites, 290 (27%) were Hispanics, and 205 (19%) were 
African Americans. Therefore, it was speculated that race may affect the achievement in 
each SES group because the proportions of race differ in the two groups. A more 




exploring the unique effects of SES and race as well as the interaction in the 
mathematical achievement and the change. In addition to, finding the interaction with 






STANDARDS, BENCHMARKS, AND INDICATORS FOR MIDDLE SCHOOL 























There are four levels of standard. First, Standard 1 is number and computation; 
students use numerical and computational concepts and procedures in a variety of 
situations.  Second, Standard 2 is algebra; students use algebraic concepts and procedures 
in a variety of situations. Third, Standard 3 is geometry; students use geometric concepts 
and procedures in a variety of situations. Fourth, Standard 4 is data; students use concepts 
and procedures of data analysis in a variety of situations. 
 
 
Standard 1 (Number and Computation) 
 
  For 6
th
 grade, benchmarks and their indicators are as follows: 
 Benchmark 1.1 (Number sense): students demonstrate number sense for 
rational numbers and simple algebraic expressions in one variable in a variety 
of situations. 
o Indicator 1.1.1: Compares and orders - a) integers; b) fractions greater 
than or equal to zero; c) decimals greater than or equal to zero through 
thousandths place. Compare and order numbers to see which is larger 
or smaller for a set of numbers that include positive and negative 
numbers, fractions and decimals greater than 0. 
o Indicator 1.1.2: Knows and explains numerical relationships between 
percents, decimals, and fractions between 0 and 1. Know how to 
convert between percents, decimals, and fractions between 0 and 1 
(25%=0.25=1/4) 
 Benchmark 1.3 (Estimation): students use computational estimation with 
rational numbers and the irrational number pi in a variety of situations. 
o Indicator1.3.1: Estimates to check whether or not the result of a real-
world problem using rational numbers and/or the irrational number pi 
is reasonable and makes predictions based on the information. In real 
life situations, it is a good idea to do estimation to check whether the 
exact answer is reasonable and to justify if it is or isn‘t a reasonable 
answer. 
 Benchmark 1.4 (Computation): students model, perform, and explain 
computation with positive rational numbers and integers in a variety of 
situations. 
o Indicator 1.4.1: Performs and explains these computational 
procedures: a) divides which numbers through a 2-digit divisor and a 
4-digit dividend and expresses the remainder as a whole number, 
fraction, or decimal. Use division of whole numbers greater than 0 by 
up 2-digit that may have remainders. If there is a remainder, express as 
a decimal or fraction. 
o Indicator 1.4.2: Generates and/or solves one- and two-step real-world 
problems with rational numbers using the computational procedures: 
b) addition, subtraction, multiplication, and division of decimals 
through hundredths place. Solve real-world problems by using one or 





          For 7
th
 grade, benchmarks and their indicators are as follows: 
 Benchmark 1.1 (Number sense): students demonstrate number sense for 
rational numbers, the irrational number pi, and simple algebraic expressions in 
one variable in a variety of situations. 
o Indicator 1.1.1: Generates and/or solves real-world problems using:a) 
equivalent representations of rational numbers and simple algebraic 
expressions: b) addition, subtraction, multiplication, and division of 
rational numbers with a special emphasis on fractions and expressing 
answers in simplest form. Students realize that there are a variety of 
ways to represent expressions such as 2× is the same as × + × or $.50 
can be represented with two quarters ($.25 = $.25) or five dimes ($.10 
+ $.10 + $.10 + $.10 + $.10). Use equivalent representations for 
fractional operations such as 2/4 + 2/4 which equals 1 is the same as 
1/2 + 1/2, or 2/4 × ¾ which equals 3/8 is the same as 1/2 × 3/4. 
 Benchmark 1.4 (Computation): students model, perform, and explain 
computation with rational numbers, the irrational number pi, and first-degree 
algebraic expressions in one variable in a variety of situations. 
o Indicator 1.4.1: Performs and explains these computational 
procedures: a) adds and subtracts decimals from ten millions place 
through hundred thousandths place; b) multiplies and divides a four-
digit number by a two-digit number using numbers from thousands 
place through thousandths place; c) multiplies and divides using 
numbers from thousands place through thousandths place by 10; 100; 
1,000; 0.1; 0.01; 0.001; or signal-digit multiplies of each; d) adds, 
subtracts, multiplies, and divides fractions and expresses answers in 
simplest form. Follows are the examples of the four types above. 
a) ten millions, millions, hundred thousands, ten thousands, 
thousands, hundreds, tens, ones, tenth, hundredth, thousandth, ten 
thousandth, hundred thousandth              
                             b) 1.698 ÷ 25 or 1.698 × 25 
                             c) 54.3 ÷ .002 or 54.3 × .002 
                             d) 2/3 ×5/8 
o Indicator 1.4.2: Finds percentages of rational numbers-Rational 
number is any number that can be written as a fraction. Percent is 
based on an amount out of 100. 
   
        For 8
th
 grade, benchmarks and their indicators are as follows: 
 Benchmark 1.1 (Number sense): students demonstrate number sense for real 
numbers and simple algebraic expressions in one variable in a variety of 
situations. 
o Indicator 1.1.1: Knows and explains what happens to the product or 
quotient when: a) a positive number is multiplied or divided by a 
rational number grater than zero and less than one; b) a positive 
number is multiplied or divided by a rational number greater than one; 
c) a nonzero real number is multiplied or divided by zero.When a 




zero but less than 1 (such as 1/2), the result is smaller than the first 
number (4 × 1/2 = 2). When a positive number (such as 4) is divided 
by a number greater than zero but less than 1 (such as 1/2), the result is 
greater than the first number (4 ÷ 1/2 = 8). When a number other than 
0 (such as -4) is multiplied by 0, the result is 0 (-4×0 = 0). 
 Benchmark 1.2 (Number systems and their properties):students demonstrate 
an understanding of the real number system; recognizes, applies, and explains 
their properties; and extends these properties to algebraic expressions. 
o Indicator 1.2.1: Identifies all the subsets of the real number system 
[natural (counting) numbers, whole numbers, integers, rational 
numbers, irrational numbers] to which a given number belongs.Natural 
numbers are those numbers we count with; whole numbers are the 
counting numbers and zero; integers include zero, whole numbers and 
their opposites; rational numbers are those numbers that can be 
expressed as fractions; and irrational numbers are those numbers that 
cannot be expressed as fractions. Students need to know which set(s) 
of numbers to which a given number belongs 
o Indicator1.2.2: Generates and or/solves real-world problems with 
rational numbers using the concepts of these properties to explain 
reasoning: a) commutative, associative, distributive, and substitution 
properties; b) identity and inverse properties of addition and 
multiplication. Numbers can be added or multiplied in any order 
resulting with the same answer (commutative). When a series of 
numbers is added or multiplied, the order in which the values are 
added or multiplied doesn‘t affect the result (associative). When 
multiplying a number by the sum of numbers, you can multiply each 
of the numbers by the factor fist and then add (distributive). A number 
may be substituted for a variable or equivalent quantity (substitution). 
When 0 is added to another number it doesn‘t change the value of the 
number (identify for addition). When a number is multiplied by 1 it 
doesn‘t change the value of the number (identify for multiplication). A 
number plus its opposite is 0 (additive inverse). A number multiplied 
by its reciprocal is 1 (multiplicative inverse). It is important that 
students know the name of the property as used in the indicator. 
 Benchmark 1.4 (Computation): students model, perform, and explain 
computation with rational numbers, the irrational number pi, and algebraic 
expressions in a variety of situations. 
o Indicator 1.4.1: Performs and explains these computational procedures 
with rational numbers: a) addition, subtraction, multiplication, and 
division of integers; b) order of operations (evaluates within grouping 
symbols, evaluates powers to the second or third power, multiplies or 
divides in order from left to right, then adds or subtracts in order from 
left to right).Compute with integers (positive and negative whole 
numbers and zero). Use order of operations when computing with 




powers; then perform multiplication/division left to right; then perform 
addition/subtraction left to right.) 
o Indicator 1.4.2: Generates and/or solves one- and two-step real-world 
problems using computational procedures and mathematical concepts: 
a) rational numbers; b) the irrational number pi as an approximation; 
c) applications of percents.Solve real-world problems that involve one 
and two steps to solve using computation of addition, subtraction, 
multiplication, and/or subtraction of numbers that are positive and 
negative with decimals 9that repeat or terminate), fractions, or use pi 
(3.1415926…) and with percents. 
 
 
Standard 2 (Algebra) 
 
          For 6
th
 grade, benchmarks and their indicators are as follows: 
 Benchmark 2.1 (Patterns): students recognize, describe, extend, develop, and 
explain the general rule of a pattern in variety of situations. 
o Indicator 2.1.1: States the rule to find the next number of a pattern with 
one operational change (addition, subtraction, multiplication, division) to 
move between consecutive terms. Find the rule 9addition, subtraction, 
multiplication, or division) for a set of numbers in a pattern in order to 
extend the pattern past the last term given. 
 Benchmark 2.2 (Variables, Equations, and Inequalities): students use variables, 
symbols, positive rational numbers, and algebraic expressions in one variable 
to solve linear equations and inequalities in a variety of situations. 
o Indicator 2.2.1: Represents real-world problems using variables and 
symbols to: b) write and/or solve one-step equations (addition, subtraction, 
multiplication, and division).Write and solve one-step equations for real-




 grade, benchmarks and their indicators are as follows: 
 Benchmark 2.1 (Patterns): students recognize, describe, extend, develop, and 
explain the general rule of a pattern in variety of situations. 
o Indicator 2.1.1: Identifies, states, and continues a pattern presented in 
various formats including numeric (list or table), algebraic (symbolic 
notation), visual (pictures, table, or graph), verbal (oral description), 
kinesthetic (action), and written using these attributes: a) counting 
numbers including perfect squares, cubes, and factors and multiples 
(number theory); b) positive rational numbers including arithmetic and 
geometric sequences (arithmetic: sequence of numbers in which the 
difference of two consecutive numbers is the same, geometric: a 
sequence of numbers in which each succeeding term is obtained by 
multiplying the preceding term by the same number).Identifies and 
extends a variety of patterns. 
o Indicator 2.1.2: States the rule to find the nth term of a pattern with one 






term is an arbitrary term is sequence or pattern of 
numbers which can be found by with the rule for the pattern.  
 Benchmark 2.2 (Variables, Equations, and Inequalities): students use variables, 
symbols, rational numbers, and simple algebraic expressions in one variable to 
solve linear equations and inequalities in a variety of situations. 
o Indicator 2.2.1: Knows the mathematical relationship between ratios, 
proportions, and percents and how to solve for a missing term in a 
proportion with positive rational number solutions and monomials. 
Knows that ¾ (ratio) is equal to 75%. Knows that ¾ = 6/8 (a 
proportion), and are both equal to 75% 
o Indicator 2.2.2: Evaluates simple algebraic expressions using positive 
rational numbers. Replacing variables (what‘s unknown) with given 
numbers and finding the value. 
o Indicator 2.2.3: Represents real-world problems using variables and 
symbols to write linear expressions, one- or two- step equations.Write 
expressions (2.89×) and equations (2.89× = 12). An expression does 




 grade, benchmarks and their indicators are as follows: 
 Benchmark 2.2 (Variables, Equations, and Inequalities): students use variables, 
symbols, rational numbers, and algebraic expressions to solve linear equations 
and inequalities in a variety of situations. 
o Indicator 2.2.1: Solves: a) one- and two-step linear equations in one 
variable with rational number coefficients and constants intuitively 
and/or analytically.Find the solution to an equation. Students may 
choose to do this in any way that is successful and makes sense to 
them 
o Indicator 2.2.2: Represents real-world problems using: a) variables, 
symbols, expressions, one- or two- step equations with rational 
number coefficients and constants.Use variables, symbols, expressions, 
or equations to represent unknown quanities to represent real-world 
problems and solve using computation of addition, subtraction, 
multiplication, and/or subtraction of numbers that are positive and 
negative with decimals (that repeat or terminate), and fractions. A 
variable or symbol is used to represent an unknown and known 
numbers; the variable can be replaced for the number to solve. 
 Benchmark 2.3 (Functions): students recognize, describ, and analyze constant, 
linear and nonlinear relationships in a variety of situations. 
o Indicator 2.3.1: Translates between the numerical, tabular, graphical, 
and symbolic representations of linear relationships with integer 
coefficients and constants.Change (translate) between numerical, 
tabular, graphical, and symbolic representations of a set of data that is 
linear. 
 Benchmark 2.4 (Models): students generate and use mathematical models to 





o Indicator 2.4.1: Determines if a given graphical, algebraic, or 
geometric model is an accurate representation of a given real-world 
situation. Mathematical models are representations of some type of 
situation within a mathematical situation. They can be graphical (such 
as a picture representing 10,000 people in a report of population), 
algebraic (such as a formula to represent the area of a circle), or 








 grade, benchmarks and their indicators are as follows: 
 Benchmark 3.1 (Geometric Figures and Their Properties): students recognize 
geometric figures and compares their properties in a variety of situations. 
o Indicator 3.1.1: Classifies: a) angles as right, obtuse, acute, or straight;  
o b) triangles as right, obtuse, acute, scalene, isosceles, or equilateral. 
Classify angles as right, obtuse, acute, or straight; triangles by their 
angles as right, obtuse, or acute; and triangles by their sides as scalene, 
isosceles, or equilateral. Angles that are right = 90˚, obtuse are > 90˚ 
but <180˚, acute are <90˚ but 0˚, and straight = 180˚. Triangles that are 
right have one right angle, acute have three angles <90˚, and obtuse 
have one angle > 90˚. Triangles that are scalene have no sides the same 
length, isosceles have two sides the same length, and equilateral have 
all three sides the same length. 
 Benchmark 3.2 (Measurement and Estimation): students estimate, measure, 
and use measurement formulas in a variety of situation. 
o Indicator 3.2.1: Coverts: b) within the metric system using the 
prefixes: kilo, hector, deka, deci, centi, and mili. Covert within the 
metric system of measurement for length (meters), mass (grams), and 
volume (liters) for the prefixes kilo, hector, deka, deci, centi, and milli. 
Convert means to change from one measurement to another that is 
equivalent (in the customary measurement system 24 inches would 
equal 2 feet). 
o Indicator 3.2.2: Solves real-word problems by applying these 
measurement formulas: a) perimeter of polygons using the same unit 
of measurement; b) areas of squares, rectangles, and triangles using the 
same unit of measurement. Solve real-world problems using perimeter 
of a variety of shapes with the same unit of measure and area of 
squares, rectangles, and triangles with the same unit of measure. 
Perimeter is distance around a figure and area is the amount of surface 
covered inside the figure. 
 Benchmark 3.3 (Transformational Geometry): students recognize and perform 





o Indicator 3.3.1: Identifies, describes, and performs one or two 
transformations (reflection, rotation, translation) on a two-dimensional 
figure. The student will understand, demonstrate, and explain one or 
two transformations (reflection/flip, rotation/turn, and/or 
translation/side) of an object. Flip is to flip over, turn is to rotate, and 
slide is to move across a flat surface. 
 Benchmark 3.4 (Geometry From an Algebraic Perspective): students relate 
geometric concepts to a number line and a coordinate plane in a variety of 
situations. 
o Indicator 3.4.1: Uses all four quadrants of the coordinate plane: a) 
identify the ordered pairs of integer values on a given graph; b) plot 
the ordered pairs of integer values. Identify and plot points on a 
coordinate system divided into four areas (quadrants). The coordinate 
plane is divided into four sections by two number lines (labeled the 
horizontal and vertical axis with two letters such as x and y) that 
perpendicularly intersect to form the origin (starting point for graphing 
or identifying points already on the plane. An ordered pair such as (3, -
2) means three positive units to the right of the origin and then 2 units 




 grade, benchmarks and their indicators are as follows: 
 Benchmark 3.1: Geometric Figures and Their Properties - The student 
recognizes geometric figures and compares their properties in a variety of 
situations. 
o Indicator 3.1.1: Identifies angle and side properties of triangles and 
quadrilaterals: a) sum of the interior angles of any triangle is 180˚; b) 
sum of the interior angles of any quadrilateral is 360˚; c) 
parallelograms have opposite sides that are parallel and congruent; d) 
rectangles have angles 90˚ opposite sides are congruent; e) rhombi 
have all sides the same length, opposite angles are congruent; f) 
squares have angles of 90˚, all sides congruent; g) trapezoids have one 
pair of opposite sides parallel and the other pair of opposite sides are 
not parallel. Recognize that shapes have specific characteristics such 
as; triangle has three angles that add up to 180˚, parallelograms have 
opposite sides that are parallel and congruent (same size, same shape), 
rectangle have four right angles (90˚), rhombi have four congruent 
sides, sequres have four congruent angles and sides, trapezoids are 
quadrilaterals (four sided figures) that have exactly one pair of parallel 
sides. 
 Benchmark 3.2 (Measurement and Estimation): students estimate, measure, 
and use measurement formulas in a variety of situation. 
o Indicator 3.2.1: Knows and uses perimeter and area formulas for 
circles, squares, rectangles, triangles, and parallelograms. Find 
perimeter (distance around the outside) and area (square units of space 




o Indicator 3.2.2: Uses given measurement formulas to find: a) surface 
area of cubes; b) volume of rectangular prisms. Find surface area (the 
area of all six sides of a three dimensional object) and the volume of 
rectangular prisms (the amount of space inside of a box). 
o Indicator 3.2.3: Solves real-world problems: c) finding perimeter and 
area of two-dimensional composite figures of squares, rectangles, and 
triangles. Find distance around (perimeter) and space inside of (area) 
of figures made with suares, rectangles and triangles 
 Benchmark 3.3 (Transformational Geometry): students recognize and perform 
transformations on two- and three-dimensional geometric figures in a variety 
of situations. 
o Indicator 3.3.1: Determines the actual dimensions and/or 
measurements of a two-dimensional figure represented in a scale 
drawing. Determine actual measurement of a distance given the scale 




 grade, benchmarks and their indicators are as follows: 
 Benchmark 3.1 (Geometric Figures and Their Properties): students recognize 
geometric figures and compare their properties in a variety of situations. 
o Indicator 3.1.1: Uses the Pythagorean theorem: a) determine if a 
triangle is a right triangle; b) find a missing side  of a right triangle 
where the lengths of all three sides are whole numbers. The 
Pythagorean Theorem is a formula that states that if a triangle is a right 
triangle (has a 90˚ angle), then the sum of the squares of the two legs is 
equal to the square of the hypotenuse (the side opposite the right 
angle). Decide if a triangle is a right triangle. Find the missing side on 







o Indicator 2: Solves real-world problems by: a) using the properties of 
corresponding parts of similar and congruent figures. Solve real-world 
problems using knowledge that congruent figures are the same exact 
shape and size and their corresponding sides are the same length and 
their areas are same. Solve real-world problems using knowledge that 
similar figures are the same exact shape and their corresponding sides 
are proportional in length and their areas are proportional to the 
increase in the sides. 
 Benchmark 3.4: Geometry From an Algebraic Perspective - The student uses 
an algebraic perspective to examine the geometry of two-dimensional figures 
in a variety of situations.  
o Indicator 1: Uses the coordinate plane to: a) list several ordered pairs 
on the graph of a line and find the slope of the line; b) recognize that 
ordered pairs that lie on the graph of an equation are solutions to that 
equation; c) recognize that points that do not lie on the graph of an 
equation are not solutions to that equation; d) determine the length of a 
side of a figure drawn on a coordinate plane with vertices having the 
same x- or y- coordinates. On the graph of a line, list points on the line. 




Find the slope (rate of change) of the graph. From a figure drawn on 
the graph, find the length of a side given two points. 
 
 
Standard 4 (Data) 
 
           For 6
th
 grade, benchmarks and their indicators are as follows: 
 Benchmark 4.1 (Probability): students apply the concepts of probability to draw 
conclusions and to make predictions and decisions including the use of concrete 
objects in a variety of situations. 
o Indicator 4.1.1: List all possible outcomes of an experiment or 
simulation with a compound event composed of two independent 
events in a clear and organized way. List all the possible ways 
something can happen in an experiment with two events that happen 
together but are not related to one another. Example would b having 
three pairs of shoes (red, blue, and black) and four pair of socks 
(yellow, blue, black, and white) and picking one pair of shoes and a 
pair of socks at random. 
o Indicator 4.1.2: Represents the probability of a simple event in an 
experiment or simulation using fractions and decimals.The probability 
of an event happening in a random experiment is the ratio (fraction) of 
the number of successful outcomes as the numerator over the total 
number of outcomes as the denominator. Convert fraction to a decimal 
by dividing numerator by denominator to get a decimal. An example 
would be the probability of rolling an even number on a die would be 




 grade, benchmarks and their indicators are as follows: 
 Benchmark 4.2 (Statistics): students collect, organize, display, and explain 
numerical (rational numbers) and non-numerical data sets in a variety of 
situations with a special emphasis on measures of central tendency. 
o Indicator 4.2.1: Organizes, displays, and reads quantitative (numerical) 
and qualitative (non-numerical) data in a clear, organized, and accurate 
manner including a title, labels, categories, and rational number 
intervals using these data displays: a) frequency tables and line plots; b) 
bar, line, and circle graphs; c) Venn diagrams or other pictorial 
displays; d) charts and tables; e) stem-and –leaf plots (single); f) scatter 
plots; g) box-and whiskers plots. Read and make a) vertical and 
horizontal tables and charts, b) line, circle, and picture graphs, and c) 
scatter, stem-and- leaf, and box-and-whiskers plots 
o Indicator 4.2.2: Recognize and explains: a) misleading representations 
of data; b) the effects of scale or interval changes on graphs of data sets. 
Find misrepresentations of data that distorts the appearance of the data. 
How changing the vertical and horizontal parts (axis) of a graph can 







 grade, benchmarks and their indicators are as follows: 
 Benchmark 4.1 (Probability): students apply the concepts of probability to 
draw conclusions, generate convincing arguments, and make predictions and 
decisions including the use of concrete objects in a variety of situations. 
o Indicator 4.1.1: Finds the probability of a compound event composed 
of two independent events in an experiment, simulation, or situation. 
Find probability (likelihood of something happening) of two 
independent (not related or dependent) events happening concurrently 
(at the same time) or consecutively (one after the other). 
o Indicator 4.1.2: Makes predictions based on the theoretical probability 
a) a simple event in an experiment or simulation. Theoretical 
probability is the expected probability in an experiment. If a die is 
rolled, each number 1-6 has a 1/6 probability of being rolled. If a die is 
rolled 300 times it is expected that 6 would be rolled 50 times (1/6 × 
300 = 50 times). 
 Benchmark 4.2 (Statistics): students collect, organize, display, and interpret 
numerical (rational) and non-numerical data sets in a variety of situations. 
o Indicator 4.2.1: Determines and explains the measure of central 
tendency (mode, median, mean) for a rational number data set. 
Calculate mean, median, and mode for a set of numbers. Mean is the 
sum of the values divided by the number of values, median is middle 













































 Grade: Factor Loadings of FICFA Model with Split Loadings  
 
 Item F1 F2 F3 F4 
1 s1_m6 0 0 0.38 0 
2 s2_m6 0 0 0.36 0 
3 s3_m6 0 0 0.4 0 
4 s4_m6 0 0 0.33 0 
5 s5_m6 0 0 0.41 0 
6 s6_m6 0 0 0.39 0 
7 s7_m6 0 0 0.26 0 
8 s9_m6 0 0 0 0.53 
9 s10_m6 0 0 0 0.66 
10 s11_m6 0 0 0 0.47 
11 s12_m6 0 0 0 0.49 
12 s13_m6 0 0 0 0.68 
13 s14_m6 0 0 0 0.65 
14 s15_m6 0.57 0 0 0 
15 s16_m6 0.42 0 0 0 
16 s17_m6 0.36 0 0 0 
17 s19_m6 0.56 0 0 0 
18 s21_m6 0 0 0 0.56 
19 s23_m6 0 0 0 0.49 
20 s26_m6 0 0 0 0.67 
21 s28_m6 0 0 0 0.47 
22 s29_m6 0 0.55 0 0 
23 s32_m6 0 0.63 0 0 
24 s33_m6 0 0.61 0 0 
25 s34_m6 0 0.38 0 0 
26 s35_m6 0 0.66 0 0 
27 s36_m6 0 0.55 0 0 
28 s37_m6 0 0.47 0 0 
29 s39_m6 0 0.55 0 0 
30 s41_m6 0 0 0.58 0 
31 s42_m6 0 0 0.44 0 
32 s44_m6 0 0 0.5 0 
33 s45_m6 0 0 0.39 0 
34 s46_m6 0 0 0.46 0 
35 s48_m6 0 0 0.4 0 
36 s50_m6 0 0 0.38 0 
37 s53_m6 0 0 0.55 0 





Table B.1 (continued) 
 
39 s55_m6 0 0 0.64 0 
40 s56_m6 0 0 0.66 0 
41 s57_m6 0 0 0.6 0 
42 s58_m6 0 0 0.38 0 
43 s59_m6 0.46 0 0 0 
44 s62_m6 0.51 0 0 0 
45 s63_m6 0.18 0 0 0 
46 s65_m6 0.44 0 0 0.19 
47 s66_m6 0.3 0 0 0.21 
48 s67_m6 0.32 0 0 0.21 
49 s71_m6 0 0 0.44 0 
50 s72_m6 0 0 0.43 0 
51 s73_m6 0 0 0.28 0 
52 s74_m6 0 0 0.41 0 
53 s75_m6 0.59 0 0 0 
54 s76_m6 0.61 0 0 0 
55 s79_m6 0.51 0 0 0 
56 s80_m6 0.53 0 0 0 
57 s81_m6 0.46 0 0 0 
58 s83_m6 0.47 0 0 0 
59 s85_m6 0.43 0 0 0 


























 Grade: Factor Loadings of FICFA Model with Split Loadings  
 
 Item F1 F2 F3 F4 
1 s1_m7 0.5 0.47 0 0 
2 s2_m7 0.31 0.34 0 0 
3 s4_m7 0.35 0.44 0 0 
4 s5_m7 0.36 0.36 0 0 
5 s6_m7 0 0.39 0 0 
6 s7_m7 0.42 0.38 0 0 
7 s8_m7 0 0.29 0 0 
8 s9_m7 0 0.52 0 0 
9 s13_m7 0 0.21 0.23 0 
10 s16_m7 0 0 0.47 0 
11 s19_m7 0 0.38 0.41 0 
12 s20_m7 0 0.44 0.58 0 
13 s21_m7 0 0.41 0.45 0 
14 s22_m7 0 0.43 0.51 0 
15 s24_m7 0.53 0 0 0 
16 s25_m7 0.43 0 0 0 
17 s26_m7 0.55 0 0 0 
18 s27_m7 0.42 0 0 0 
19 s29_m7 0 0.54 0 0 
20 s31_m7 0 0.45 0 0 
21 s32_m7 0.27 0.36 0 0 
22 s33_m7 0 0.45 0 0 
23 s34_m7 0.24 0.16 0 0 
24 s35_m7 0.32 0.39 0 0 
25 s37_m7 0.3 0.19 0 0 
26 s39_m7 0.49 0 0 0 
27 s42_m7 0.3 0.32 0 0 
28 s44_m7 0.35 0.26 0 0 
29 s46_m7 0.41 0.27 0 0 
30 s47_m7 0.31 0.27 0 0 
31 s48_m7 0 0 0.28 0 
32 s49_m7 0.08 0.16 0.28 0 
33 s50_m7 0 0 0.42 0 
34 s52_m7 0 0 0.55 0 
35 s53_m7 0 0.4 0.11 0 
36 s54_m7 0 0.54 0 0 
37 s55_m7 0 0.52 0 0 





Table B.2 (continued) 
 
39 s58_m7 0.43 0 0 0 
40 s59_m7 0.41 0 0 0 
41 s60_m7 0.43 0 0 0 
42 s62_m7 0.53 0 0 0 
43 s65_m7 0.43 0 0 0 
44 s66_m7 0 0 0.42 0 
45 s67_m7 0 0 0.51 0 
46 s68_m7 0 0 0.08 0 
47 s69_m7 0 0 0.42 0 
48 s71_m7 0 0 0.44 0 
49 s72_m7 0 0 0.38 0 
50 s73_m7 0 0 0 0.52 
51 s74_m7 0 0 0 0.38 
52 s75_m7 0 0 0 0.46 
53 s76_m7 0 0 0 0.33 
54 s77_m7 0 0 0 0.4 
55 s78_m7 0 0 0 0.46 
56 s79_m7 0 0 0 0.47 
57 s80_m7 0 0 0 0.67 
58 s81_m7 0 0 0 0.67 
59 s83_m7 0 0 0 0.37 


























 Grade: Factor Loadings of FICFA Model with Split Loadings  
 
 Item F1 F2 F3 F4 
1 s1_m8 0.48 0 0 0 
2 s2_m8 0.48 0.24 0 0 
3 s3_m8 0.53 0 0 0 
4 s4_m8 0.65 0 0 0 
5 s5_m8 0.52 0 0.05 0 
6 s6_m8 0.36 0 0 0 
7 s7_m8 0.51 0 0 0 
8 s8_m8 0.4 0 0 0 
9 s10_m8 0.41 0 0 0 
10 s11_m8 0.27 0 0 0 
11 s12_m8 0.33 0 0 0 
12 s13_m8 0.25 0 0 0.47 
13 s14_m8 0 0 0 0.49 
14 s15_m8 0 0 0 0.6 
15 s16_m8 0 0 0 0.51 
16 s17_m8 0 0 0 0.47 
17 s18_m8 0.28 0 0 0.3 
18 s20_m8 0.45 0 0.67 0 
19 s22_m8 0.48 0 0.63 0 
20 s23_m8 0.42 0 0.44 0 
21 s24_m8 0 0.32 0 0.16 
22 s26_m8 0 0.39 0 0.33 
23 s29_m8 0 0.39 0 0.35 
24 s39_m8 0 0.5 0 0 
25 s42_m8 0 0 0 0.47 
26 s43_m8 0 0.24 0 0.43 
27 s44_m8 0 0.12 0 0.22 
28 s45_m8 0 0.35 0 0.34 
29 s46_m8 0 0.34 0 0.53 
30 s47_m8 0 0 0 0.54 
31 s48_m8 0 0 0 0.39 
32 s49_m8 0 0.45 -0.01 0.27 
33 s51_m8 0 0.48 0.07 0 
34 s54_m8 0.36 0.26 0 0 
35 s55_m8 0.25 0.41 0 0 
36 s58_m8 0.25 0.35 0.07 0 
37 s60_m8 0 0 0 0.57 





Table B.3 (continued) 
 
39 s73_m8 0.34 0.44 0 0 
40 s74_m8 0 0.55 0 0 
41 s75_m8 0 0.32 0 0 
42 s76_m8 0 0.46 0 0 
43 s80_m8 0.45 0 0 0 
44 s81_m8 0.51 0 0 0 
45 s82_m8 0.37 0 0 0 
46 s84_m8 0.32 0 0 0 
47 s86_m8 0.31 0 0 0 
48 s88_m8 0.17 0 0 0 
49 s89_m8 0.31 0 0 0 
50 s90_m8 0 0 0.39 0 
51 s91_m8 0 0.44 0.35 0 
52 s93_m8 0 0.49 0.28 0 
53 s94_m8 0 0.39 0.31 0 
54 s95_m8 0 0.32 0.24 0 
55 s96_m8 0 0.42 0.25 0 
56 s97_m8 0 0.38 0.29 0 
57 s98_m8 0 0.51 0 0 
58 s99_m8 0 0.23 0 0 
59 s100_m8 0 0.38 0 0 





















































 Grade: Factor Loadings of Bifactor Model for Four Standards  
 
 Item g F1 F2 F3 F4 
1 s1_m6 0.53 0 0 0 0 
2 s2_m6 0.53 0 0 0 0 
3 s3_m6 0.56 0 0 0 0 
4 s4_m6 0.53 0 0 0 0 
5 s5_m6 0.56 0 0 0 0 
6 s6_m6 0.58 0 0 0 0 
7 s7_m6 0.34 0 0 0 0 
8 s9_m6 0.52 0 0 0 0.34 
9 s10_m6 0.64 0 0 0 0.46 
10 s11_m6 0.46 0 0 0 0.29 
11 s12_m6 0.51 0 0 0 0.28 
12 s13_m6 0.71 0 0 0 0.41 
13 s14_m6 0.69 0 0 0 0.4 
14 s15_m6 0.73 -0.01 0 0 0 
15 s16_m6 0.53 0.06 0 0 0 
16 s17_m6 0.44 0.01 0 0 0 
17 s19_m6 0.73 0.04 0 0 0 
18 s21_m6 0.67 0 0 0 0.15 
19 s23_m6 0.59 0 0 0 0.11 
20 s26_m6 0.75 0 0 0 0.21 
21 s28_m6 0.55 0 0 0 0.15 
22 s29_m6 0.62 0 0.23 0 0 
23 s32_m6 0.68 0 0.32 0 0 
24 s33_m6 0.64 0 0.31 0 0 
25 s34_m6 0.41 0 0.17 0 0 
26 s35_m6 0.71 0 0.3 0 0 
27 s36_m6 0.53 0 0.26 0 0 
28 s37_m6 0.51 0 0.13 0 0 
29 s39_m6 0.63 0 0.14 0 0 
30 s41_m6 0.76 0 0 0.03 0 
31 s42_m6 0.6 0 0 -0.02 0 
32 s44_m6 0.68 0 0 -0.05 0 
33 s45_m6 0.57 0 0 -0.08 0 
34 s46_m6 0.6 0 0 -0.03 0 
35 s48_m6 0.52 0 0 0.08 0 
36 s50_m6 0.51 0 0 -0.03 0 
37 s53_m6 0.49 0 0 0.58 0 





Table C.1 (continued) 
 
39 s55_m6 0.55 0 0 0.7 0 
40 s56_m6 0.6 0 0 0.65 0 
41 s57_m6 0.53 0 0 0.56 0 
42 s58_m6 0.41 0 0 0.34 0 
43 s59_m6 0.56 0.13 0 0 0 
44 s62_m6 0.6 0.15 0 0 0 
45 s63_m6 0.27 -0.05 0 0 0 
46 s65_m6 0.62 0.14 0 0 0 
47 s66_m6 0.54 -0.1 0 0 0 
48 s67_m6 0.55 0.07 0 0 0 
49 s71_m6 0.59 0 0 0.09 0 
50 s72_m6 0.6 0 0 0.02 0 
51 s73_m6 0.4 0 0 -0.04 0 
52 s74_m6 0.61 0 0 -0.01 0 
53 s75_m6 0.74 0.01 0 0 0 
54 s76_m6 0.66 0.14 0 0 0 
55 s79_m6 0.63 0.01 0 0 0 
56 s80_m6 0.61 0.4 0 0 0 
57 s81_m6 0.5 0.33 0 0 0 
58 s83_m6 0.57 0.15 0 0 0 
59 s85_m6 0.48 0.35 0 0 0 


























 Grade: Factor Loadings of Bifactor Model for Four Standards 
 
 Item g F1 F2 F3 F4 
1 s1_m7 0.84 0 0.01 0 0 
2 s2_m7 0.61 0 -0.04 0 0 
3 s4_m7 0.71 0 0.03 0 0 
4 s5_m7 0.64 0 -0.02 0 0 
5 s6_m7 0.52 0 0.06 0 0 
6 s7_m7 0.75 0 -0.15 0 0 
7 s8_m7 0.37 0 0.02 0 0 
8 s9_m7 0.72 0 -0.13 0 0 
9 s13_m7 0.45 0 0 -0.09 0 
10 s16_m7 0.55 0 0 -0.04 0 
11 s19_m7 0.67 0 0 0.28 0 
12 s20_m7 0.7 0 0 0.61 0 
13 s21_m7 0.71 0 0 0.26 0 
14 s22_m7 0.68 0 0 0.58 0 
15 s24_m7 0.67 0.36 0 0 0 
16 s25_m7 0.52 0.37 0 0 0 
17 s26_m7 0.66 0.48 0 0 0 
18 s27_m7 0.51 -0.03 0 0 0 
19 s29_m7 0.72 0 0.02 0 0 
20 s31_m7 0.57 0 -0.01 0 0 
21 s32_m7 0.57 0 0.12 0 0 
22 s33_m7 0.66 0 -0.07 0 0 
23 s34_m7 0.39 0 -0.04 0 0 
24 s35_m7 0.66 0 0.08 0 0 
25 s37_m7 0.48 -0.09 0 0 0 
26 s39_m7 0.55 -0.06 0 0 0 
27 s42_m7 0.61 0 0.01 0 0 
28 s44_m7 0.56 0 -0.1 0 0 
29 s46_m7 0.65 0 -0.06 0 0 
30 s47_m7 0.52 0 -0.04 0 0 
31 s48_m7 0.32 0 0 -0.02 0 
32 s49_m7 0.41 0 0 0.12 0 
33 s50_m7 0.57 0 0 -0.05 0 
34 s52_m7 0.55 0 0 0.25 0 
35 s53_m7 0.47 0 0.54 0 0 
36 s54_m7 0.57 0 0.68 0 0 
37 s55_m7 0.5 0 0.67 0 0 





Table C.2 (continued) 
 
39 s58_m7 0.53 -0.01 0 0 0 
40 s59_m7 0.5 -0.09 0 0 0 
41 s60_m7 0.53 -0.04 0 0 0 
42 s62_m7 0.66 -0.13 0 0 0 
43 s65_m7 0.52 -0.03 0 0 0 
44 s66_m7 0.52 0 0 0.01 0 
45 s67_m7 0.69 0 0 0.01 0 
46 s68_m7 0.08 0 0 0.08 0 
47 s69_m7 0.46 0 0 0.03 0 
48 s71_m7 0.55 0 0 0 0 
49 s72_m7 0.43 0 0 0.09 0 
50 s73_m7 0.72 0 0 0 -0.01 
51 s74_m7 0.47 0 0 0 0.01 
52 s75_m7 0.46 0 0 0 0.17 
53 s76_m7 0.34 0 0 0 0.06 
54 s77_m7 0.49 0 0 0 0.07 
55 s78_m7 0.5 0 0 0 0.13 
56 s79_m7 0.54 0 0 0 0.07 
57 s80_m7 0.65 0 0 0 0.57 
58 s81_m7 0.62 0 0 0 0.59 
59 s83_m7 0.35 0 0 0 0.12 


























 Grade: Factor Loadings of Bifactor Model for Four Standards 
 
 Item g F1 F2 F3 F4 
1 s1_m8 0.64 -0.03 0 0 0 
2 s2_m8 0.66 0.54 0 0 0 
3 s3_m8 0.61 0.54 0 0 0 
4 s4_m8 0.76 0.27 0 0 0 
5 s5_m8 0.67 0.03 0 0 0 
6 s6_m8 0.41 0.09 0 0 0 
7 s7_m8 0.64 0.12 0 0 0 
8 s8_m8 0.52 0.07 0 0 0 
9 s10_m8 0.54 -0.03 0 0 0 
10 s11_m8 0.34 -0.01 0 0 0 
11 s12_m8 0.42 0.01 0 0 0 
12 s13_m8 0.62 0 0 0 0.62 
13 s14_m8 0.52 0 0 0 0.36 
14 s15_m8 0.61 0 0 0 0.44 
15 s16_m8 0.51 0 0 0 0.42 
16 s17_m8 0.54 0 0 0 0.23 
17 s18_m8 0.54 0 0 0 0.33 
18 s20_m8 0.71 0 0 0.17 0 
19 s22_m8 0.72 0 0 0.14 0 
20 s23_m8 0.57 0 0 0.15 0 
21 s24_m8 0.48 0 0 0 0 
22 s26_m8 0.64 0 -0.19 0 0 
23 s29_m8 0.69 0 -0.14 0 0 
24 s39_m8 0.69 0 0.04 0 0 
25 s42_m8 0.67 0 0 0 -0.03 
26 s43_m8 0.67 0 0 0 -0.04 
27 s44_m8 0.31 0 0 0 -0.09 
28 s45_m8 0.65 0 0 0 -0.08 
29 s46_m8 0.8 0 0 0 -0.11 
30 s47_m8 0.75 0 0 0 -0.13 
31 s48_m8 0.49 0 0 0 -0.06 
32 s49_m8 0.71 0 0 0 0.02 
33 s51_m8 0.65 0 0 -0.08 0 
34 s54_m8 0.66 0.01 0 0 0 
35 s55_m8 0.65 -0.12 0 0 0 
36 s58_m8 0.58 -0.05 0 0 0 
37 s60_m8 0.69 0 0 0 -0.15 





Table C.3 (continued) 
 
39 s73_m8 0.75 0 0.16 0 0 
40 s74_m8 0.66 0 0.16 0 0 
41 s75_m8 0.42 0 -0.03 0 0 
42 s76_m8 0.58 0 0.27 0 0 
43 s80_m8 0.59 0.09 0 0 0 
44 s81_m8 0.6 0.08 0 0 0 
45 s82_m8 0.44 0.07 0 0 0 
46 s84_m8 0.4 -0.02 0 0 0 
47 s86_m8 0.38 0.03 0 0 0 
48 s88_m8 0.26 -0.07 0 0 0 
49 s89_m8 0.4 0 0 0 0 
50 s90_m8 0.7 0 0 0.13 0 
51 s91_m8 0.57 0 0 0.54 0 
52 s93_m8 0.61 0 0 0.36 0 
53 s94_m8 0.49 0 0 0.53 0 
54 s95_m8 0.47 0 0 0.09 0 
55 s96_m8 0.62 0 0 0.08 0 
56 s97_m8 0.48 0 0 0.39 0 
57 s98_m8 0.63 0 0.22 0 0 
58 s99_m8 0.31 0 0.01 0 0 
59 s100_m8 0.44 0 0.3 0 0 
























 Table C.4 6
th
 Grade: Factor Loadings of Bifactor Model for Six Benchmarks  
 
 Item g B 1.1 B 1.4 B 2.2 B 3.1 B 3.4 B 4.1 
1 s9_m6 0.52 0 0 0 0 0 0.32 
2 s10_m6 0.64 0 0 0 0 0 0.43 
3 s11_m6 0.46 0 0 0 0 0 0.3 
4 s12_m6 0.51 0 0 0 0 0 0.28 
5 s13_m6 0.71 0 0 0 0 0 0.42 
6 s14_m6 0.69 0 0 0 0 0 0.41 
7 s15_m6 0.73 0 -0.09 0 0 0 0 
8 s16_m6 0.54 0 -0.05 0 0 0 0 
9 s17_m6 0.46 0 -0.02 0 0 0 0 
10 s19_m6 0.73 0 -0.08 0 0 0 0 
11 s21_m6 0.68 0 0 0 0 0 0.11 
12 s23_m6 0.6 0 0 0 0 0 0.07 
13 s26_m6 0.77 0 0 0 0 0 0.14 
14 s28_m6 0.56 0 0 0 0 0 0.12 
15 s33_m6 0.65 0 0 0.21 0 0 0 
16 s34_m6 0.4 0 0 0.22 0 0 0 
17 s35_m6 0.72 0 0 0.25 0 0 0 
18 s36_m6 0.52 0 0 0.36 0 0 0 
19 s37_m6 0.51 0 0 0.18 0 0 0 
20 s39_m6 0.63 0 0 0.12 0 0 0 
21 s41_m6 0.73 0 0 0 0.29 0 0 
22 s42_m6 0.55 0 0 0 0.37 0 0 
23 s44_m6 0.64 0 0 0 0.22 0 0 
24 s45_m6 0.52 0 0 0 0.48 0 0 
25 s46_m6 0.51 0 0 0 0.74 0 0 
26 s53_m6 0.49 0 0 0 0 0.59 0 
27 s54_m6 0.53 0 0 0 0 0.7 0 
28 s55_m6 0.53 0 0 0 0 0.71 0 
29 s56_m6 0.6 0 0 0 0 0.65 0 
30 s57_m6 0.52 0 0 0 0 0.57 0 
31 s58_m6 0.41 0 0 0 0 0.34 0 
32 s65_m6 0.63 0.13 0 0 0 0 0 
33 s66_m6 0.5 0.19 0 0 0 0 0 
34 s67_m6 0.54 0 0 0 0 0 0 
35 s75_m6 0.72 0.25 0 0 0 0 0 
36 s76_m6 0.67 0.38 0 0 0 0 0 
37 s79_m6 0.63 0 -0.05 0 0 0 0 





Table C.4 (continued) 
 
39 s81_m6 0.51 0 0.27 0 0 0 0 
40 s83_m6 0.58 0 0.13 0 0 0 0 
41 s85_m6 0.5 0 0.31 0 0 0 0 














































 Grade: Factor Loadings of Bifactor Model for Four Benchmarks 
 
 Item g B 1.1 B 1.4 B 2.2 B 3.1 
1 s1_m7 0.78 0 0 0.41 0 
2 s2_m7 0.57 0 0 0.41 0 
3 s4_m7 0.64 0 0 0.54 0 
4 s5_m7 0.6 0 0 0.54 0 
5 s24_m7 0.66 0.36 0 0 0 
6 s25_m7 0.5 0.38 0 0 0 
7 s26_m7 0.62 0.56 0 0 0 
8 s27_m7 0.51 -0.02 0 0 0 
9 s29_m7 0.69 0 0 0.09 0 
10 s31_m7 0.56 0 0 -0.05 0 
11 s32_m7 0.56 0 0 0.25 0 
12 s33_m7 0.66 0 0 -0.05 0 
13 s34_m7 0.4 0 0 -0.02 0 
14 s35_m7 0.64 0 0 0.2 0 
15 s37_m7 0.48 0 0.1 0 0 
16 s39_m7 0.55 0 0.1 0 0 
17 s42_m7 0.61 0 0 -0.12 0 
18 s44_m7 0.56 0 0 0.02 0 
19 s46_m7 0.67 0 0 -0.14 0 
20 s47_m7 0.52 0 0 0.02 0 
21 s58_m7 0.53 0 0.05 0 0 
22 s59_m7 0.49 0 0.64 0 0 
23 s60_m7 0.55 0 0.03 0 0 
24 s62_m7 0.65 0 0.28 0 0 
25 s65_m7 0.53 0 0 0 0 
26 s66_m7 0.48 0 0 0 0.21 
27 s67_m7 0.68 0 0 0 -0.03 
28 s68_m7 0.05 0 0 0 0.12 
29 s69_m7 0.45 0 0 0 0.2 
30 s71_m7 0.53 0 0 0 0.1 














 Grade: Factor Loadings of Bifactor Model for Six Benchmarks 
 
 Item g B 1.1 B 1.4 B 2.2 B 3.1 B 3.4 B 4.1 
1 s7_m8 0.64 0.05 0 0 0 0 0 
2 s8_m8 0.52 0.23 0 0 0 0 0 
3 s10_m8 0.54 0.11 0 0 0 0 0 
4 s11_m8 0.34 0.04 0 0 0 0 0 
5 s12_m8 0.41 0.61 0 0 0 0 0 
6 s20_m8 0.66 0 0 0 0.61 0 0 
7 s22_m8 0.68 0 0 0 0.62 0 0 
8 s23_m8 0.54 0 0 0 0.37 0 0 
9 s39_m8 0.67 0 0 0.07 0 0 0 
10 s42_m8 0.67 0 0 0 0 0 -0.08 
11 s43_m8 0.66 0 0 0 0 0 0.16 
12 s44_m8 0.31 0 0 0 0 0 0.1 
13 s45_m8 0.65 0 0 0 0 0 0.05 
14 s46_m8 0.81 0 0 0 0 0 0.14 
15 s47_m8 0.76 0 0 0 0 0 0.01 
16 s48_m8 0.5 0 0 0 0 0 0.02 
17 s49_m8 0.72 0 0 0 0 0 -0.09 
18 s51_m8 0.67 0 0 0 -0.08 0 0 
19 s54_m8 0.66 0 0.01 0 0 0 0 
20 s55_m8 0.66 0 0 0 0 0 0 
21 s58_m8 0.59 0 0.06 0 0 0 0 
22 s60_m8 0.66 0 0 0 0 0 0.5 
23 s63_m8 0.58 0 0 0 0 0 0.73 
24 s73_m8 0.75 0 0 0.23 0 0 0 
25 s74_m8 0.65 0 0 0.48 0 0 0 
26 s75_m8 0.39 0 0 0.12 0 0 0 
27 s76_m8 0.59 0 0 0.12 0 0 0 
28 s80_m8 0.58 0 0.2 0 0 0 0 
29 s81_m8 0.6 0 0.18 0 0 0 0 
30 s82_m8 0.45 0 0.7 0 0 0 0 
31 s84_m8 0.41 0 0.09 0 0 0 0 
32 s90_m8 0.71 0 0 0 0 0.12 0 
33 s91_m8 0.55 0 0 0 0 0.59 0 
34 s93_m8 0.6 0 0 0 0 0.38 0 
35 s94_m8 0.48 0 0 0 0 0.55 0 
36 s95_m8 0.46 0 0 0 0 0.09 0 
37 s96_m8 0.63 0 0 0 0 0.07 0 






APPENDIX D: NUMBER OF EXAMINEES  
FOR GENDER X SCHOOL LUNCH PROGRAM AND  























Table D.1 Frequencies of Gender X School Lunch Program 
 








Count 811 140 409 1360 
% within 
gender 
59.6% 10.3% 30.1% 100% 
% within 
lunch 
51.3% 46.7% 52.0% 51.0% 
Male Count 769 160 378 1307 
% within 
gender 
58.8% 12.2% 28.9% 100% 
% within 
lunch 
48.7% 53.3% 48.0% 49.0% 
Total Count 1580 300 787 2667 
% within 
gender 
59.2% 11.2% 29.5% 100% 
% within 
lunch 



























Table D.2 Frequencies of Race X School Lunch Program 
 








Count 17 6 21 44 
% within 
race 
38.6% 13.6% 47.7% 100% 
% within 
lunch 
1.1% 2.0% 2.7% 1.6% 
Asian Count 54 9 20 83 
% within 
race 
65.1% 10.8% 24.1% 100% 
% within 
lunch 
3.4% 3.0% 2.5% 3.1% 
Black Count 66 39 166 271 
% within 
race 
24.4% 14.4% 61.3% 100% 
% within 
lunch 
4.2% 13.0% 21.1% 10.2% 
Hispanic Count 79 55 235 369 
% within 
race 
21.4% 14.9% 63.7% 100% 
% within 
lunch 
5.0% 18.3% 29.9% 13.8% 
White Count 1325 177 314 1816 
% within 
race 
73.0% 9.7% 17.3% 100% 
% within 
lunch 
83.9% 59.0% 39.9% 68.1% 
Multi or 
Missing 
Count 39 14 31 84 
% within 
race 
46.4% 16.7% 36.9% 100% 
% within 
lunch 
2.5% 4.7% 3.9% 3.1% 
Total Count 1580 300 787 2667 
% within 
race 
59.2% 11.2% 29.5% 100% 
% within 
lunch 










 GRADE FOR 
EACH OF THE FOUR GROUPS  

























































at 7th grade 
)( 21   
Trait level at  
8th grade 
)( 321   
Standard 1 0.198 0.940 0.064 1.137 1.201 
Standard 2 0.267 0.930 0.126 1.197 1.323 
Standard 3 0.170 0.684 0.506 0.853 1.359 
Standard 4 0.585 0.223 0.225 0.808 1.033 
Benchmark 1.1 0.160 0.637 0.241 0.797 0.907 
Benchmark 1.4 0.140 0.205 0.227 0.345 0.572 
Benchmark 2.2 0.140 0.205 0.227 0.345 0.572 
Benchmark 3.1 0.159 0.646 0.187 0.805 0.992 
Benchmark 3.4 0.320  0.673  0.993 





















at 7th grade 
)( 21   
Trait level at  
8th grade 
)( 321   
Standard 1 0.222 0.832 0.089 1.054 1.143 
Standard 2 0.237 0.813 0.130 1.050 1.180 
Standard 3 0.115 0.601 0.534 0.716 1.250 
Standard 4 0.486 0.310 0.233 0.796 1.029 
Benchmark 1.1 0.210 0.580 0.315 0.790 0.930 
Benchmark 1.4 0.102 0.213 0.220 0.315 0.535 
Benchmark 2.2 0.102 0.213 0.220 0.315 0.535 
Benchmark 3.1 0.176 0.599 0.106 0.775 0.882 
Benchmark 3.4 0.251  0.621  0.872 

























at 7th grade 
)( 21   
Trait level at  
8th grade 
)( 321   
Standard 1 0.447 0.921 0.140 1.368 1.508 
Standard 2 0.461 0.941 0.176 1.402 1.578 
Standard 3 0.326 0.726 0.572 1.051 1.623 
Standard 4 0.712 0.254 0.326 0.966 1.292 
Benchmark 1.1 0.328 0.684 0.377 1.012 1.132 
Benchmark 1.4 0.315 0.264 0.284 0.580 0.864 
Benchmark 2.2 0.367 1.052 0.243 1.419 1.662 
Benchmark 3.1 0.272 0.699 0.234 0.970 1.205 
Benchmark 3.4 0.382  0.771  1.153 






















at 7th grade 
)( 21   
Trait level at  
8th grade 
)( 321   
Standard 1 -0.135 0.837 -0.016 0.702 0.686 
Standard 2 -0.050 0.772 0.058 0.722 0.780 
Standard 3 -0.122 0.523 0.444 0.400 0.844 
Standard 4 0.280 0.284 0.089 0.564 0.653 
Benchmark 1.1 -0.024 0.500 0.132 0.476 0.608 
Benchmark 1.4 -0.161 0.128 0.136 -0.033 0.104 
Benchmark 2.2 -0.094 0.913 0.054 0.819 0.873 
Benchmark 3.1 0.016 0.513 0.021 0.529 0.550 
Benchmark 3.4 0.147  0.469  0.616 
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